Metric Spaces

Definition of Metric Spaces

Detinition; Mebvic Spaces
Suppose X is & set and d & & veal funchion, defined on the Cartesian produck XxX
Then, d is called & mebric oq, X i and onlU f for each, a,b€X +he funcion,
d: Xxx = [0, 0)
has +he 1‘o||ow1n0 properties Y a,bceX
(1) Positive onpev’cur d(6,0)20
(2) dlabh) =0 & a=b
(M3) \Sjmmelw‘fc pfopeY{J-' da,b)= d(b,a)
(my) TYianjlc Incquamj d(a,b) £ d(a,0) + d(¢,b)
The paiv of objects is called a mebvic space

Rearrangement of Triangle Inequality
Rearrangement: of: Triangle Tnequalfév
Suppose. (X,d) 15 a mefric space. Then, Ya,b,c €X,
|d(@,b)- d(b,Q) | £ d(a,0)
Proof: [50 tﬁanjlc if\eqv\alil::} ()
d(,5) ¢ d(0,0 4 d(yb) («)
Jimilarl\j apphin\j Hiangle inequal(k\x, fov d(b,0)
d(b,0) = d(a,0) + d(a)b)
Reawang‘ma () and () gives
d(a,b) - d(b, ) < dla) and  Albic) -da,0) £ d(ayc)
= ldb)- db,) | ¢ dla0)
by defintion, of absolute value




Useful tip
For property ML, we can, split the bicondikional inbo 2 5 stabements

0\=|D ﬁ d(a)b) =O
A(0,b)=0 = g=b

and we can, prove mdmdualla of take contrepositives

Examples of Metric Spaces

Standard  Mebvic on, R
Standavd mebyic on, R
(Rd) 15 a mebric space wheve d is the function defined by
d: RxR~ [0, 0)
d(,9) = [x-yl YayeR

Proo: To prove d s a mefvic, we need 4o vev'rU asioms MI-Mi

(m): dlxyy) 20 by definikion, of absolute value

M): Aoy =0 & lx-yl=0

& ((9)* =0
& (-9)=0
& L=y
(M3) A9 = la-yl = 19-x] = d(y0)
(my) Va9, 2€ R, dx,2) =|a-2| = |2-y +y-2] (add 0 ick)
< |a-yl + ly-2|
= dluy) + d(y,2)

= dx2) = dby) + d(y2)



Genevalised mefric on, R
Genevalised mebvic 15 & mebvic
Leb X=R" and  dpRx R'—> [0,00) defined by

n o
dP@,g)=<Z|x;-3L|P> for peN  Yx,9eN
=
Then, (R, dp) s a mebvic space
Proof: \Jem‘nm\tj Ml Tﬁanjk Tnequalt {d

o 2)= <Z‘|acb zol")
dp(3,2)=<z—_‘| fi-2il P>

Define ;= 2i-2, bizyz = Ghi= Ly

Thevefore,
dp(2,9) = <Zloc -yl > <Z|a £+ b; |P>
l
wa= (1t atea= (D)’
i= 1=t

and +o Sal:is{—\«} Manjlc ‘iv\equamj, We need

dp(i)&) < dP(a—(’nz—) + dP(gl.i:)
—_i

Cram)* < (S + (Spsir)”

Which is \)usl' the Minkowski mequalak\\]



Max  metric on, R

X = P\N= {x_:(sti,xz,...,x.\)i .x;efR, 1£L5r\}
d (9= max{ls-yi: 1<ieN ]
Then, (R, dp) is a mekric space

Plﬂ-oi: Just ckec[fma (Mlb, ~Man\jlc ?neftuahjcn,

-2l € J- gal + |-l (0 Hick)
€ max lx-gil + maxlgi-ml  Vie{1.. N
1<4ién, 1414y,

= max|x-2 < MaX |x}.—3a| t may |3i—22,|
1¢i4n, 1444n, 144w

S (03 £ 4ol t dyly2)

Discrete mebvic space

(deo) s a MC\‘ITiC Space wheve,
dow = {1 x4
L {0 x%

Broek: Shostng Hiongle equalily ()
Take any x,«j,zex.
Hoazy, they d9=0¢ 42 +d(zi)

0,162
i 14y, then, ZFx o 2#{1
d(2) +d(yd 21

1602
= 49 =1 < dlx2)+d42)



Canonical mebvics on, R

Defition, Canonical mebvics on, R
(onsidey X=R" and dg, d,) dy’ RNXIRN-B[O,”O). They, Ya,4¢€ R"

N
di(l)%) =leh'fj'c|

=1

d (,9) = max{lxi-yi: 1¢i¢ny

Watt civcles i, R™
Work tq, K and draw graphs

1)A={6u9) e R: d, o) = 1) 2) B=109)e R dylu3) =13
R fe 9

3) ¢={DeR | doglby) =1]
/\l U




Review of Real Analysis

Boundedness of sets

Deffnition; Bounded above ond Wpperbound
A subset S of an ovdeved field K is said 4o be bounded above i
3 & belK such tHhat
xX<b  VYue§
Such a constant b is called fhe upperbound

Definition, Bounded below ond Lower bound
A subset § of an ovdeved fild K 1s soid +o be bounded below
3 a aelK such +hat
A2 Ve §

Such & constant a is called +he Jowerbound

Definition, Bounded
A subset § of an ovdeved field K is said 4o be bounded H (£ i
both.  bounded above AND below
3 a,b €K such that

aéxsh VYxes




Examples of Boundedness
1} Considen Hhe :fc”owino st
$g= {xelk: asxzh] < (ah)
- Hore Sg s bounded belos with o fowes bound of o
— Hene Sq 1 bounded sbove with an wppes bound 4 b
2) lonsidey +he st
Sy={xelk: acal = (0160>
- Hore 8, 76 beded bebw with & luiabowd of o
- Hene 5, %5 not bounded above
(5> Congiden an othen emmf[e’-
&= fxel:xeb) = (oo, b)
~ Hene 8y is bounded above with an wppenbound of b
-~ Here &3 75 not bounded below

K s [ »lgf-lku, bounded above 04 below
g



Maximum and Minimum Element

Definition, Maximam| Minimal Element
Juppose J<K
We say that § has a Ma)(ima\/maximm element S0
max(s)

it containg on element lavaer $hon oll obher elemenls ie. it is a4, upperbound of
§ AND an element of S

max(s)eS and x<man(s)  ¥seS

Definition, Minimum/Minimal Element
Suppose §<K
We Ly that & has & minimal /m'minm element oy
min (5)

it confaing on element smaller thon all obhey elements ie. it is & lowetbound of
§ AND an tlement of

min (€S and x> min(s)  YseS

Note Ualike Wppth and lowen Boua&;, MAXiMum_ and  minimum elcm\cn‘ls
ARE UNIQUE H\co exisl of all

To see +k, Sup pose b1 and b, ake mx:m' cltg‘ens o—f S. They, the
ahe both elements of & and  both wppenbounds of S This means H«nﬂ
b, < by
Q["\Uﬁ of$ v»PpU\boqu for
b 4 b,
elew\ev\-h,f,s u??chboud f £
and -l-kv,c,fose we  Caq sao [,1: LL
(Siw\,ilw\ Muuw\en{' R w\jr\;m‘ elw\ev\'l')



Axiom of Completeness

The axiom, of omplefeness is an, importank properby of +the veal numbers
+hat enc';l'pslA\afesP‘Pke idea of NO PGAPS orf\)H\Pe al #m(,

Axiow, of  Completeness
Suppose A and B ave non-empby subsebs of R
Atg, 879, AB<R
with +he pvopak\«, that Ya,b, acA and béB = a<h
Then FceR such that YacA, beB

ascshb
A#
A ¢ 8

Tn terms of bounds,
. Evevo element of A is a lowevbound fov B
* Every element of B is a upperbound for A
¢ This proPerlU of R is called amplefeness

Infimum and Supremum
We can wse axiom of completeness to define infifum and supremum
Tnfitum and Supremun,
Suppose § s a non—empk\«’ subsets of R, SR, §#¢

1) Tt § is bounded above then +heve f a
called
2) IT S s bounded below then, theve is a
called

A
1 bounded above =$6up(s) exists bounded behw = inf(s)

upperbound

exists

lowevbound



Proof:
1> \guﬂws: S % bounded above
Let B be +he gel of al uPPv\Low\As ond since § i bounded obove, B=f¢

eSS and beB = x4b

BO the axrom a—f oom\fle-lule,ss,
Hcém Suok-l'ka{ f xeS and BEB, ricibh
= x4C And C4b

(1) ()
We can, draw +he {ollowi Lov\clus{oqs

(1) x2¢  YxeS ¢ 16 an wppth bound feu S
(7—)'- CLh V¥ bebh '-'-"——> ¢ i +he [eacd o-f all uppe bounds
Tkw,jlm fhom and we  Caq sao ¢ % 4he least uppes bound

7) Pﬁoo«f ts s?w‘;lwﬁ Lo above -

Remarks about Supremum and Infimum

3>Th¢ Supvemum, of o seb § is the minimam, of wpperbounds
Let B be +he Set o-f all all wppPeh bounde o.r S. TL\U\'

\SWP(S) z m-‘f\(e)
Thenefore SCince Sup(s) ic +he minmuwn of a set, % wqique
fone Singe Sup 1

T a seb S has & magimam,
ax(5) = sup(s)
To see +his, let b=max(s), s b is an wpperbound .

A“U other b¢b is nob an uppe bound = b= sup(s)
3)61m‘:lar\o H a set has & minimum,
wim(s) = inf(s)




Equivalent Formulation of Infimum and Supremum
Formulations for Suprema  ( Leb b.—:\;uP(s))
1) Tf b<b, then, b is nt an uppevbound
D) T b<b, then FxeS such +hat b
3> T €50, dxeS such +hat x> b-¢

Formulations for Infma  (Leb a=Taf(S))
1) T a<a,then, & is nof o lowerbound
1) Tf a<a +hen, JxeS such 4hat x<al
J)If €20, 3 xe§ such that xcate

Infinite Spaces
We are going 4o look ot mefvic spaces with infinite dimensions
Take the seb R, R* is a £t dimensional object

Definition Seb R™
The set RV 5 +he seb of sequences with veal numbers as theiy enties
I8 g_(,eiRI',Q then, x= (xi,...,a(m...)

We ufll fry ond put a mebvic o +his:
0

d,(2,9) = Zh&-yd
1=

and we need +o check for Comlev\?ence,




Msil\o this  fuqctioq, 4o calculode +he distance belween, % and 0 € RN
4,20 = 4,(Gism,5--)5(050,-2))

©

> %=

v=1

o)
Z 1|
v=l

But this senfes may not Oor\\/ehoe. Hu\ce not a Aol qumkeﬂ. The value ,.f $he mlhk
must be a hu‘ Aumben .

Thenefore we define a set 4y
Definition,. Set 4y
£y 1s the set of all numbers that aaHs\CJ

il%\ < 00 (%)

ﬂ\che’fﬁc 11, +he get o-f o” hca, l\umbms Salis{dfv{j (*) AND

A(ing) = Zlnﬁ; oa;‘
=1

1 a metate
Metvic on £,
Definition: Set 4,

Lo is the set of all bounded sequences of veal numbers

Xely = AM=MES0 such that || <M  VieN

where 2=00,... %y, ...)

PuH‘;ng a metvic on this, define
doo(y) = JuPﬂD(.',,-?iJ : 1eNY



Spoce of all bounded sequences

Xt get of all bounded Sequences.
() , 1€ X = Jufi|xi.| L 00

12

Put medric d(xp‘j) such +hat
Va,geX, dluy) = uplo-il = supfhu-gil  ien) | x=Gai)yy

y=(1),

o2

?Yovina ‘H'mng\e 7nc1m|i’c\\1
7—@1:(1'\)-‘21, Uz(mlz\, 2""(2'°)i.21 ) x"ﬂtzé)(;

oty -4 | ¢ o -2il + |24-43)
< Juhl w2l + sup |2 -4l
= d(x,2) + dizy) VieN
= d(:)(;}))ﬁu& il £ 4602 ¢ A2
The space {p

DC'“"H:TOI\". _liusi
Let X be the seb of all sequences oc=();,, such +hat

o0 P ,/P
Z oy | < © pzl
V=1

Define mefric on X:
.I"(' X= z'xi.'):,,zi, J:{v‘."lji,z']_ ’ 'H\U\a

o 7
d(x,y) = (Z_Iau-ml?)?

i=|

This can be shown +o .saHs{‘, axioms usinJ minkowsl in%mlﬂv (infintle  sum Vevsioq)



Function Spaces

Apploino 0wy tkeovv §o far v function spaces
3(3‘1'])
where FHx,9) is the geb of all funckions f:X—Y
Lets constder 2. such, e)(amrles

De{?n‘.”c?or\: Function, $pace (([a,bl)
The function space  (([a,b]) s +he seb of all continuons funchions
$:[a,b] > K
K= R or €

Definition, Function, space B(S)
The function, space 8(s) is the set of all bounded functions
f:§ oK
K=R oy €

dpace of Bounded functins
Let s$¢ (v\on-emyﬂ).
B(5): he sek of all bounded Sunctons
feB(s) & Sup [4&) < 00

Tt Sollows +hat
£9€868) < 3 M>0 and N>0 st

4 Z
sup ) €M and . |3(°Q|~N

X€S

Deftne  mefaic (un‘:’{om mebric m B(S\)
469 = su %I+(u\ J(x\l V4,3€8(5)




onv?no Jrvmnj\c ‘inea‘ua\ﬂ:u (MID £(0) 15 a vea number, £ is a functio
|-F(x)-3(x)| ¢ HG-hE)| 4+ [hG)- 31)|
< \sugH(aQ-j 0| + Sup | h(x)- ji)l

Xe$
= 460 + d(ng) ¥ Eghe BE)
= 469 € 40N+ d 9 Y 4 g he B(s)
Space of Continuons functims
Constder +he space of oll continuous functions on Snberval  [b],
c([a,b]): The get o-F all conkinnons funckims
fec(fap]) & £ab) >R s continuons
The unHorm mebvic o C[a,b] is
v f.9¢ (fap] d (M) m%x, | +(x)- J(i‘ﬂ

Move metvics on (([a,b])

Dedine dy, dy mebric as
b

59 = [ 69900 o

Q

b , \Y2
d,(+,9) =(J 460 - 400 | dac>

a




Meftric Spaces induced by Norm

Heve we will define mebvic spaces on, veckor spaces

Basics of Vector Spaces

Deftnition; Vecte Spaces

A veckor space s a non-empky subset V' of elements Called vectors which, satsfy
au 4+ Avey Huvey, MmeR

where u, ¥ ave veckors, mA ave scalas and R is +he scalar field

ﬂ\thefoﬁe we Can abstract the !\,offov\, o)c o-b ac we have:
U-V = Uty

We ane misss an aﬁs{hac{'[m\, )(O‘t the o.Lso‘mLe Va‘uc || The vector space  Vevsion,
of the absolite value is called ~novm,

Norm in a Vector Space

Dedinrtion: Novm,

A function, 1 Vs [0, 00>

s & nom, Tt sabisties Hhe {ollouﬁng axioms
) x>0

N) [|¥ll=0 & v=0

(003) [TAYIl = NIEN whene NeR

() flwsvll £ flall+ Il

Metric Space Induced by the Norm

We call a veckor space with & nom, & normed space,

Al novmed spaces have a natwal medvic induced by the. novm,
dVx\ —> [O,oo))'

(Jw-vi[= || a+ (o)«



Example of vector space — normed space — metric space chain

Looking ot C([f);l]); the seb of all Cou@irlluous ;fuv\c'l'fm‘s on closed ond bounded sebs:
C([Onvp]) s a Vvectey srace}

filo) >R et gilot] R

ane vecksrns because

#a;[o,l]-e R t = 56+
(6 & confinpous function,. Funthes taking 4 scalos vale NeR,
M [o1]o R ¢ e M)
s & conbinpous function, Thonefose we 'caq pub nsaqs 1] on C([Oll])
G—omo back to 0 we co, define metnie spaces dyydy and dy,:

1) dy) ?jil*: |

2) dxg)- [ m-gil

3) &, (5y) = oo ;- 3] ce{1,-0433

lq, amloduc bo this, we construd 3 nonms ”*”1 ) ”‘f“,_ ) "‘f”m which will induce a mebie
which will induce M“"O“‘S to 41, &y, deo

1
A= [ 1506 g

|41 - ( ] 11+(+>|2>1/L

J1#1l_= supf I5(¢)[: te[02]}

We qeed to use inleomfs as faput o bhe distaqee funclions as we ore dealita  with
-fuqc{fw\s kalcc amliwus y ot dischete but confinuous heqee Sums d&s hedued to atephel

Ouy, cvhhesforw\?l\ﬂ induced] wetnics ane
A6 = N5-gll = [ 1000 1

oo =l = 10T
dao(#9) = (| #-gl ,= s | 569 -8 : te[ot]]



E)(Anflc o{ usino wlc{'hfc induced SO '\o‘w‘". l,_
Fon examyle fa.kfno 4(t)=t and (7({‘)1"62—
2 1 2 1
41(4.0%1 |-t at

- fl(H‘) A

~o

(F(fat44Y) &t

t

Vo

1
3 I, 5 1 _1_
{’%’”izf ‘L'Jcs'] T 30
0
Note

| | Fhon’{ the dlf\k{)k we Caq See that fou
i | te[01]

i 7 7 O A we have that )

>t

N ' ' and H\U\bfo'\c we  have

| 1o = (£-42) 20

Generalizing ¢([0,1])
We a/\oer\mal:ae C([O,]_D bo abeER
((fa,b])
as [ov\n as -olalb{w
Furthermpne we  can hef[acc R " C([Onﬂ) ot € ¢ o] - C



An important proposition

Below s an Tmpmtan% proposition:

Let (Xd) be a mebric space. Defing d:XxX =R bU

d, M= d(x,
(x,9) _11(%?
X

Then, d 15 a

Proof: Jhoui’nd ’cvianJle 'l'nea‘ual?‘cﬂ (my)
Suppose %92 €X. They b'd defn of metric,
149 20 () d(zy) 20
(i d(x,2) 20 (0 dlxy) € dod) +d@y
Thevefore we can devive the followin

A2+ die= _dag) + _dGE9
144643 1+ d(zy)

2 A2 +d(zy)
1+ d(x2)+diz,9)

= 1

1+ 1
d(i,z)‘{' d(zl")

2 1
1+.1
d ('1»‘1)

= d(a‘-ﬂ)
1+ dx “D




Space of all sequences of real numbers

Let x=(x);, be avbitrary sequence of Teal numbes.

X:the gpace of all Sequenss of veal numbers

xeX & :x=(3(i.)-wi is a sequence of Yeal numbeys

O this space, define mefric
0
dlxy) = _L4‘1_r|%r 2
g ;2‘ 1+ 144

Prove the H\aﬂjie 7ne1ua|7£\71 Q"\‘\)

2
= > 3 bl

[
-
-

0
z L [x-2it2i- Y
2 14 [¥-2i42i-Yil

i=|

8

IN
R
'.__\
_|__ R
=l
hY
.+.
[Me
"..’..ll—*
(RN
4 18
Ris
s

= d?) + d(zy)



Subspaces

Definition’ Subspaces
Leb (X,d) and (Y, d) be mebric spaces. We oy ,4) i a Subspace of (X,d) 14
1) Y¢X
7‘) d=dlvxy (vestviction)

So all axioms of mevic spaces hold in (v,d) so
(,d)

15 & metvic space

NO‘:Q: OLSU\VC the -fo"w:no -fnc{'s

1> J,'=d.l YxY Meaqs that the distaqee funclion, d' & vestichd to the st VY  and

(an, also be Auv‘ul Bﬂ
d Y
9-) We call X the ambient spoce

Note: Subspace does NOT  mean, subset H (d) and Y& subspace, YC=¢
Examples of Subspaces Y cant see beaov\d Hself

Subspace EX&M.PIC 1

Take (Rid) and take the subset  A=[0,1] € R
Heve +he metric ¢ d(at,‘,) =|x-g’ Vo(,gél?
Coqgidey the set

A= {xeRldbep = (503
Now Aeshh’n’w the distoqee furedion, to A:[0/1] and using distaqee fuqchion d‘ ’
the Poir\’cs ldinﬂ whithdn, ‘/;_ ahe

A={xeh: d @) b= (1)




Isometrics

Definition: | iq_ﬂ[dﬂo_ (ven 1)
Let (X,d) and (Y,d) be mebric spaces. An, isome’cv(»] onbe ASY is a funchion,
VXY
sach Hhat $OO=A (swrjeckive onbo A) and
dby9) = A(y@), v(y) VI,U@(

we say that the mebvic space Ts isometvic 4o subspace A

1§ w(X)=Y, that A=Y then mebric spaces X and Y ave isomedsic

Definiion, Lsomebny (v 2)

Let (X,d) and (7, d) be mebric spaces. They ave said o be mebvically equivalent
o¥ sometric if theve ave inverse funchions

+: XY and  gY=X
such that ¥ yxeX
ay) = A6, ()
and Y wveY,
A9) = d(ofu), o)
T, this evenb, we sy the mebvic equivalence o 'lsomeévv is defined on £ and J

Examples of Isometric Equivalence
Example of fsomebstc c1u7valutcc
Considen the followtng Funddtons  which ane ‘enanpls of Tsomebates
Vi Rt £4 08 Y R—C: t 1
2t Tsometnte to € as define iso»vl&ho
ViR € (03— xtiy
ea) -] = Ll Vg = [l g
= [l -GPl = LD AE) =AY

whene a= (Ltﬁ L=(%‘i(]')



