
Metric Spaces
Definition of Metric Spaces

Rearrangement of Triangle Inequality

Definition: Metric spaces

Suppose X is a set and d is a real function defined on the Cartesian product XXX

Then d is called a metric on X it and only if for each a , beX the function

d : x xX -> [0 , 0)

has the following properties Va
,
b

,
cEX

(M1) Positive Property : d(a , b)>

(M2) d(a , b) = 0 = a = b

(M3) symmetric property : d(a, b)= d(b ,a)

(M4) Triangle Inequality d(a, b) = d(a , c) + d(c , b)

The pair of objects is called a metric space

Theorem Rearrangement of Triangle inequality
Suppose (X ,

d) is a metric space. Then Va , b,
CEX,

d(a , b) - d(b
, c) = d(a

,
c)

Proof : By triangle inequality (4)
d(a,

b) = d(a, c) + d(c, b) (*1)

similarly applying triangle inequality for d(b , c)

d(b, c) = d(a , c) + d(a , b)

Rearranging (*1) and (x2) gives
d(a

,
b) - d(b

, c) [d(a, c) and d(b ,c) - d(a , c) = d(a , c)

=> d(a , b) - d(b
, c) = d(a

,
c)

by definition of absolute value T



Useful tip

Examples of Metric Spaces









Review of Real Analysis
Boundedness of sets



Examples of Boundedness

1) Consider the following set :

S=
= [u : a(xb] = (a , b)

- Here St is bounded below with a lower bound of a Con anything less than a)
- Here Sy is bounded above with an upper bound of b (or anything bigger than b)

2) Consider the set
Se = [x + 1k : a <x] = (a, 0)

Here Sc is bounded below with a lowerbound of a lon anything smalles than a)
- Here S is not bounded above

3) Consider another example :

S = [xelk : x (b) = (- 00 , b)
- Here by is bounded above with an upper bound of b (on anything bigger the
- Here So is not bounded below

4)1K itself is neither bounded above on below



Maximum and Minimum Element 

Note



Axiom of Completeness 

Infimum and Supremum



Remarks about Supremum and Infimum



Equivalent Formulation of Infimum and Supremum

Formulations for Suprema

Formulations for Infima

Infinite Spaces



Using this function to calculate the distance between C and & EIR

d
_
(f) = dy((x, ,

...) , (0.0 ....)

=-

:
But this series may not converge . Hence not a real number. The value of the metric
must be a real number.

Therefore we define a set 11

Definition: Set 11

It is the set of all numbers that satisfy

Z (#)

Therefore 11 ,
the set of all real numbers satisfying (*) AND

dky)= -yi

is a metric

Metric on10

Definition: Set by

So is the set of all bounded sequences of real numbers

atly = M =M(x)>O such that o M VieN

where s = (
,

. . ., 4 n ,
...)

Putting a metric on this,
define

do(x, y) = SupExi-Y :: veN3



space of all bounded sequences
X : set of all bounded sequences.

(xi)1X => Supsi <0

Put metric d(x, y) such that

Xx
, yeX ,

d(x , y) =

Supci-yi = Supiyi : VENY x= (xi)i= 1

y = (yi)iz)
Proving triangle inequality
if x= (i)i2 1 , y= (i)iz1 ,

z = (zilizz , y ,
zeX

,

sli-yi[xi-Zi + Zi-yi
↓ Supisi-Zi + Supi Zi-yi

= d(x ,
z) + d(z

,y) VIE I
-

=> d(x,y) = Sup si
-

yi < d(x , z) + d(z ,y)

The space lp

Definition: Ip set

Let X be the set of all sequences x = (x)i2 I such that

↑"P
(0p21(2 (

Define metric on X :

it x= ExiSi1 , y =Eyic1 , then

d(x , y) = (sci-y : P)"p

This can be shown to satisfy axioms using minkowski inequality (infinite sum version)



Function Spaces





Metric Spaces induced by Norm

Basics of Vector Spaces

Norm in a Vector Space

Metric Space Induced by the Norm



Example of vector space → normed space → metric space chain

Note

Note



Note

Generalizing C([0,1])

Exampleofusingmetric
induced bymid

For example taking f(t) = t and g(t) :t

d( ,g) = "E-tP at

= J
"

( + - +) at

=

J
-

(f- 2 +
3
++4)dt

=-+ =

From the graph we can see that for
t

+
2 tt [0, 1]

we have that

+> +2

and therefore we have

It - H = (t - +2)20

We can generalize (110 , 2)) by abeR

(([a , b])
as long as -* < a (b <0

Furthermore we can replace R in (10 . 7)) with K : f : to . 1) -> C



An important proposition



Space of all sequences of real numbers 



Subspaces

Examples of Subspaces

Example:



Isometrics

Examples of Isometric Equivalence

Example:


