


1 Introduction
GROUPS

A qroup (loosely) is a set G togebher with a "vle' or binary opevabion, that takes
s,kGG and Proa‘uces a new elemint 9k€G Sa(ﬁSﬂh\? cerbain, afioms

EXamPles of Grroups
1) The group of votational 69mmehies of wreju\av kekvahedron,

2 s
Jvmm{vies are v, Y
a)(I.S [t
gt X\
Lt <[Py 3
3 narn 3 /J

6 more
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r) % N 1> 1 wore
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F?na“ul do r\oH\7r\7

The vale takes the net effect of apph,ing 2. votations
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2) The n-stranded braid group
Elements : n-stranded byaid

SLEX fixea\ ends

can, be AefomeJ like plastic and knot avound each othev

i.iuJ

Two braids ave the same if one can be defomed o the othev withont cuth‘r\?

The opevation * stick ong on, op of the other

X

ReRE D i v =20 08

Definition of & gtoup

Definition, Grroup
A group is a set G with binary operation
(9,h) — 9’\.
such that
(1) closure

3k€G s un?«luelcj determined b’ g:h
(2) Assoc?a@f\lﬂ:?
o(hk)=(gh)k ¥ ghkeG

(3) Existence of Ider\{fh’
da 1¢€G such that

1G5=91&=9 Vjé&

(%) Existence of Tnverse
Vseﬁ, 3 3-'66 s.t

93-' 5 3"9 *1g




In braid 9foup
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é = +the group 5 Tr\-ﬁr\?{'e
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- distinct elements

Notation: n a genetic growp G, write mlhr(}ca&ve\? e

31\ fot 3,k€6



REVIEW OF GROUP THEORY
Symmetric group Sn
Let X be a non-emp¥] set X#0 (often X=[n]={1, - n) nen)
We write Ty Aor +he identity map Lo X=X . Tf X=[n], we wite Ty, for Ty

Definition, Jymmejmj
Let X be aget. A bi\',ec{iov\, 0:X->X 15 called o J\jmmehj
We denote by Sy the set of all bijections from X X.
5,100 a Jjnmh? of X
T¢ X=[n), we write S, Hor $a

Nobation: The binary opm{iov\, Tepresented bj ' s composition, of & function,
Symmebric Group
The pair (&) is a group , the on, X

C,cle Nojcajdo»\

Definition, Cade
A cjcle in Jo (of Ienjﬂ\ n22)
d=(n, ..., 0w
wheve a,a,, - a,\C{l,---,n‘) and & 4 LEY
Tt is the bi\}ec{ion, defined by

o((ﬂh :'al d(ﬂl)=ﬂ$ 1T d(ap\-hzaﬂ\, o((“l'\\"-'al

and
o(x)= x Vacéfl,----,d\{a.,.--,aﬂ fixes other elements
min
So Ay
N
¢o=(a, @, 0,) is ! 0y



i
1) a:f 3 as (123)
2 /’3 3 as (123)(45)

Note: ComPose from, T?}k’c +o leff’

e,j f_f /a.:(( 2)
th=(123)(a5)(2)=(13)(x5)

Jul:jfours

Definition, Jub\(,«w?s
Let G be a group. Let H<G
Then, H s a Subgroup of G denoted H<G
(Y a,beH = abeH  clogure
(%) aeH = g'e H closure ander invevse
(i) eeH contains identity = HA P

G :57mmel~ries of /\

OQevgBomi composition of symmetries
s

K A

t W

'ref’echor\s St u 'Yohjc?or\s v,'f“,'rs: Iq



Tker\' G‘(Iq.'f. 'YQ, St .“"

J’mme{ries are fns => Compositions ave \779‘\”4‘0‘ lejt

by é;\ GA\

1t H:‘(Iq,'f,'fz}, then this seb is .self contained group of s own,
= Hisa Gubj\rour of G
= H<G

Look?nj at Mumr‘?ca{’io;\, table
e v ¥ § t ®

™ VI T

self contained .

ttu&vzia‘f

wlan s t v ¥ 1
Table for H

Coseks

Definibion, Left Coset
Let G be a group, H4G and ac@
The left coset with coset leadey a s
aH = {ah: heH]

Note:
e ¢eH ={eh:heH} = {neHl = H
Jo H is a left cosel

1. ,
‘a 15 called coset leadey in aH

"




G=|1¢ | |s ""JuijouPH

Consider sH=3s,sv, 67T =$s.tu) @ (le-fl') coset of HwG

G= |16 |¥ |[s | =

H

S|t [u

sH

tH= St by b0} = St usT = sH

\Smﬂml.’ wH=tH=sH
1k TH-= H

HES

same coset can have different coset leadevs

Thus on“’ 2 coseds of Hm G, nme'x,
H=1H=vH and sH=tH:=uH

diffevent name for same coset

Definition Tndex

Tf HZG then [G:H] is the number of left cosels of Hin G
[G:H] is the index of H n G

In example above

H has index 2 i G = [6:H]=2

Lajvav\je's Theorem,

Lagva nﬂe's Theovem,

Let G be finte group and H<G. Then, the ovder of H divides ovder of ¢

Moveover

Ilill= [6:H]

IHl |16l




sH=tH & +t7%5¢H

sH=tH & tYsH=t"tH = H
& e
Order of geG
Let G be a group. For ach, neN, we have
L=e, a'=a-a (n tevms)
=) = ()

Alss eece = ¢'=¢ , we have

¢ =e Yz2eZ

Considey the st aceq
(1(= a') } az’ “'7/

So either atleast one a'ze ov no a'=e

Definikion, ovder of element a€G
Let G be a goup. For any AEq
The ovder of a writhen, 0(a) is 4he least néN  guch +hat

aze ik such neN exisks
I‘f‘ no GMC’\ n !XiS"‘S, ‘H\M, O(a) a0

Notation; use o(g) or Ig



G= |lgr|v 113131  ovders
§ltlu al2]a
in da
a:((234) =
l6l=4

Dedinition, Disjoin% Cﬁcles
2 c\«jcles ave J'ls\',oin{f 28 ““j have ng elements in, Common
(,--an) and (b-b,) ave disjuint i
$a-an) 0 {b,-1b) = 0

Di{)o'ml chles commute ie. o BESn ave Ais‘}om% cjc\es then,
o = ol

Let oeSy , «FIn. Write
A=, T, Tn

are dis\)oin{, Juﬂ)ose the lenj%h of Vi is |, for 12i2m. Then,
o)z emit, . 4]

n, S,
oder of (12)(3 45) =6
Possible orders of elements of S,

ordey

1 2 P K .« . 10
N 1& (I 2) (ll---k) (IZ"'|0)




@ It |cn\,(n,_,n,_.---,flj = pd Nhere p prime Jrlnev\’ atleast one n;:pd
= i} PdZIO, then, A no ceS, with ol pd
This vules oa‘c ovdevs I1,13,16.17 and 19 (amon\, orders blw 10 and 20)

‘ If lem= " owith .- w distinct primes., then, to sejt a 0 of this ovder, we
vea]wvc af eas'l:
rf**--* o

diskinct num,loe'rs

This vules out ovdev 13 as l%=2.-31 = need 243 =11210 numbers.
Hence we ave left with

ordev

(2 |4 15 20 21

) [ (123) ) | (123)
u 2 5 ?4) (.Sszﬁ m)l(z,'slcsaz) {; :;o{m) (u;:asxq.é

Now (A) vules out 23,25, 21, 21

vales owt 22,24, 26, 28

Finall
‘1 30
(12)(3¢¢)
(6334910
Remarks:
1) 9 has order 1 = 31= 1¢

——ﬁ 3: 16
2) T4 \9" =1;. at most we can, Sa\7 1

olg) I
Cnclié Subgvours

Defimition,
Let G bea guawp , a€G. We define
{ad>= {a®: 2eZ])




Tn, '+ notation
{a>={za: 2¢2}

Definition, Cyclic Subgoup
) o) is the c:,chc \Subj'mur 3enem£ed "] a

i) a 90up 3 cjclic if G=4) foy some a€G. Then we 59 Jene\'ajces Cg

SENE

(=81t v 1)

For any aG, we have <a) is a commutative subgvoup of G and
|{a5) = o(a)
Proof:
T ola)zeo then, ded =D is
T4 ola) = e0 then if i<j and ded = e contradiction, %
o .. a'?,'a:', ¢, a,az--. are all distind = W] =00

Since d=a'=> d"'=e, 80 if -0, wewould soy 0(a)<]j]

Hene if | o(a)=00, [<ad|=c0

: 2 ]
]o:\+’c Oéa)ﬂ\éN, then from vemaindey lemma, <0>=fe,a a4 ) and ¢, a, & 4  ate
(IS4LYs

f 0(a)=n, |[<l=n and <ad=%e,a, -, a"" )




2. Group Actions

Definition of Group Actions

Definition, Group Actions
Let G be a group, X be a set.
Sm) that G ack on, X & V9€ G, YxeX, 3 a M?ciue(ﬂ determined

3¥x€X
Such H\a{'
(A1) 1qen =n ¥xeX
(A2) 3&(“)&):(9;\)#1 Yg.heG,xeX
pvoo\ucl' in G

Notation GQA X © G acks on, X

Schematic gh
i

h
(/_\‘ 9;(5\&:&)

[ J
x X3

Remark: Goup ackions as fuactions
In a group action, each action, is associated with o. bijection
0‘3:)(—’)(; o‘j(x)=3u
Moveover we have 3'166 which 3ives
0‘5'1 X=X 0'3-.(1)=j'1‘x
Composin7
(79(63-!(-1)) = 0 (g'x)
= 3&(3"&1)
= ( 9 g")*x A2



"

ig’y'x.

i ¥ Al
le. X Oq" VA N s the 'mlen-h(:v) on X g m~ G WO AP
iy % %5155 i, 5 s by
Examples of Group Ackions
1) G =S
X={1,2,-n]
Define

F%1 = a(i)“‘ image of i under ¢
€S eX

Ckeck7n7 Axioms
(A1) 144 =i
(A2): te(owi) = Twlo(i))
= t(s(i) ;(ta)(t) = (7o) ¢}
defn of pfoo\w,l: in Sn,
Eq® §y dnd X={1,2,3.4}

6:(1234) G¥3:=4

O¥3=1
2) G=7Z wnder +
X=R gh becomes nim,
Define Z (IR by 1, becomes 0
NKX=NtX

9" becomes -n,
Ckeckir\7 axioms

(Ai)-' 0 ¥a:=1x%

(A?-) (Mm) ¥x = (I\+m.)+x

= r\+(m+x) = r\+<n*x) = rw(mu.)



X xin,

Z acts on R by translation

3) G=Z,\= {0, 1,2,3,4, ‘--'1\-1} & gvoup ander + mod n
For r\=4,Z4=(0,1,2,3}

X = Cul)e

n
nxx=R (x)
eZ‘f € cube RiMje of X ander K’L

KE {3 142

dy R
Ej: 2xx = K2<l)
4) G=GL(2,R) = {Aem,(R) | det(A)f0; ?nvevHHeT]
A group undey matrix w\uﬂ?y(?ca“oq.
fty=(1 =TI
Tdent (’7 (0 f) 2

() omn)

e

Define GOX by ?*\[/:A!snf

GL(2,R)

Ckeck?ng axioms -

(AT, v - (40 ?)G) (t)y

(A2) A#(Bv):= A(By)=(AB)y =(Ap)ev



5) G= am, 3'(00\’7
r=G (G will act on ﬂscl-f)

Define g¥x = gu 3 & conjun al(or\, actio
fite gex = gug” < anjugelin ackin

Check
(AL): 1w x= 1gx 1, =x
(A2): g#(hax): g#(ha k')
= gha k"g"
= <9k)ac (3k)_' (91\).2 k"f
= (3”*&
6) Any group &, X:G
GAX via gxx=gx
WP Sy
2) G a group and H<G
X=6G/y={aH|aeG }
Then G QX by
g¥aH:= (3a)H
Well-defined:
aHza,H & a;a,¢H
= a;'g"g a,€H
— (3az)"galéﬂ
= (501)H = (3az)H
Checking_axioms'
(A1) L.xaH =(1¢0)H = al
(1) gilhvat)= ge((hali)
= (g(ha)H) = (gh) % aH



An equivalent definition of grow action
Recall $x=group of all bijections X — X (4‘,mme{rio group on set X)
Lt G acts on X, then defiqe
0:6—8y
by 0(9): X =X is the map with
6(9)(1 )= g¥x
Ne saw on pg (0-1l that this is a bijection X —X
The map 6(gh) is
6(gh)(x) = (gh) %
i 9#(‘\*1)
= 9% (6(h)x)
= 6(9)(6(’\)1)
l-e. 6(3” the same map as ‘G/(glﬁ_(k)
e g
The converse s also tvue,
i 8:G—>S4 1s a homomorphism, then gux = B(9)(x) is aq action
This leads 4o the folloing defn

Definition
Let G be a gtoup and X be a set:
Sm, G acts on X & 3 a homomorphism 8:G —




Orbits
Nofation: Write gu for gex
o we have
(A1) Lex =x VxeX
(A2) (9k)x: 3(ku)

De»f?n?’t?om Orbids
Let GOAX.

Consider xeX. The ovhit of « denoted G#x of Ofba(t) Is

Gex=SgexlgeGl ey

Schematic ) : hat
, / all +hese \'\/---are in
9x; Poim‘s... .x the orbit of x
I )

5:..\_/‘/ \‘\‘\ (./ T

91—

Exam,:'es of orbits
1) YA 4 () Cube : action, b’ Yo{’a{foyL avound iiXeJ axis

locbit]= 4

am x 6
dy R

In ffac{ +his is (almost a\wu,s) true for genexic rom\s on the Cube

24X

14

+*’K

K 1/4

Exceptions© 2 ph where axis merges ot +op and botbom, , lovbit| =4




2) Z O R

nkr1=ntr neZ, vek

WA Ve . T [
3% g ™ mg '

01;(4) =Z = {4+n |ne 2}

Orbz(n)= {min|neZ}
P'foper{ie( Of orbids

GaX
() xeGex  VYxeX
(i) yeGox = G¥y=Gyx
(ii'.)ﬂ&-u — G¥x () G#7=¢

Proog:

(1) 1o x = 2€G¥x
(i) yeGex = Y=gx for some g¢G
I+ 2€€*, = 2=3" for some g€
=> 2:9%(g4x)
= 2= (99)xx
= 2 €G¥x
= G¥y < Gux
If 2eGax => 2:g'¥x for some \9"64
Now y=94x = g'y= 9" (9x) =(g'g)x = T4 =2
Thes 229 (94)=(gg)y => 2¢Gey
= Gy € Gex

Hence G«L=Gw,



(i) duppose 2€Gux N Gay = 2= gux=hty for some gheG
= \(’:(I\-b)‘ﬁ’x

== 366}*1 (Con‘haPositiuc Prover\)
[ |
Noke:

o [ o l’ . [}
"chj in same orbit’ 1s an eqmvdence velation

Moral: every element of X is contained in, pvecisel7 one orbit,ie. orbiks ?av{i{iom X
X - }Vg\/

G={zeC|lz[=1}

wed AN
Qrocur opemhor\ s ml{iplica-hb:u kj :

"

Joif. Jlotg) ;

da komomorrkiswl, <IR,+) —G

o e’ Orbit of 0= {0}
Let X=C and GO by Orbit of 1=€e.ie| 0€RY = unit cirde
eievz =ei°z Orbit of 2:1e'® is {'fe;(ﬁo) : Géﬁe
I 2z = Cirele o{- vadius ¥ i'k C
f 2-‘-‘16"? {

& G ) /
(VS
N

+
0

Get one orbit for each. ve Rsp= R



If G=X and action,

gy
The orbids ave cm\jujacy classes in G
Gﬂufng":geé}

G={e, (12)} £ 8, A {1,234}

& G has 3 ovbits
[ 5 ) 1 &) | ‘ff

G «1=Gx2

D-

.

§y has on|\1 1 orbit

Tmns?i?v?{,

De{fnihov\
G ads on X ’cmnsIJche(v if E| 'p1eciscl7 one_orbit :
VxeX, we have Gex=X

Put another Nay, Vx.’e)(. Ja 3€G st
9*=Y

G=5, 11,2, n} =X
Finding orbit of 1. ¥ KeX, let (1 k)eSy
Then (1.k)41 =k = keorbit of 1
= Gx1=X

= aclion, is Lrangitive

Adts leag o0



Stabilizers

Def?nﬂ?or\, Stabilizer
GAX, xeX.
The stabilizer of % is

G, - &’ca[:a(x)=€3€6 |3«x=xSSG

Note: When G acks on X

ovbits € X }
G OX

stabilizers € G

Z,' () Cube : action, 5’ Yofa‘hoy\' avound iier axis

.\ G- ol Stabilizer of ‘Jeneﬂ'o Poinl:" 7Iiaces poinl’
50 = trivial Suijoup gig}

0,123 G,:Zlf

Stabilizer o)C one o-f the poimls ul\m axis
\9oes = Gq



In example pgit
SEaB&(J) : sﬂ:aba(‘f) 2 G
mb@(ﬂ: mbq(z)= {el
Also have
Stab (1)=$e, (23),(24) (3 4), (234),(243)} =4,
4

Stab (2)=de, (13), - - X

GOAX, xeX
Gy G
P-f_oo,f:
(1): 1o x=x => 16, =D G, # 6
(2) Suppose 9.5\661,%0\, (3k)*x=3#(kkx) (since heG,)

= g4x
=L since 9¢ G,
= ghe,
(3) Let 9€ Gy = x= g1
= 3"443:: X
= 3"< G, -

Examples of Stabilizers
1) G=5, 1{1,2.3,47=X
G,={0es, | 6(2)=1}
={Te, (3) (14), (34), (136), (143) T =5y for Y={1,34]



2) ZQR

n
X > n4x = N#X

n<0 N0 G,L=<{077

O N\

f
r

N
~

) 6L2R) QK
\' |A>A\I = A¥V

Gy= § AcGL2,R) : Av=uY = inverkible 242 mabvices havin9 eiaenvecfov v with eijenvdue 1

k) G QG bt, conju\?a{ior\

géx=gug’
Th
i Gr,;—gjéé | 9xd‘= 11)

= €3€ﬁ| 91=3x1l
= 9¢€G that commates with x

(R,4) acjr?ny on €, RQAC

Oxz:ez <u5e hom, R = civele and
action, of cirdle

Let 1€C, orbit

MG%R(l)= {2anlnezler
JQALW\(O)= R

-

4//—
N

8, 1§1.2,3,4}
Orbit of 1= 11,2, 3, 4}
Stabilizer={e, (23), -, (243)) =5,



Ovrbit - Stabilizer Theovem,
GOX and xeX. The map

G/ — Gxx

/6,

9G, P gxx
5 a
Hence if G is
1G] = 1Gx|- |G, ]|
Proof:
Call map ¢ so ¢(36,L)=3-u
Well-defined and one-to-one:
96,7 hG, = K'jeG,
@(K'g)*x =%
=4 g¥x.= A% x
S §(96,)= 6(r6,)

OJfLo: Gl'ven‘ amj 366*1', Tj'“' for Some 366‘
¢(3G;)=j*l=y => ¢ is onto
Now if |G1<s0, then,

G
A

So lal/ - Gex| = |6]:=64x] |6l
(6

[ &

=[6:6,]= lél/lakl

Led G (finike) X
Size of an ovbit |Gax| divides |Gl
|G4(JL|||G|



Wavmup :
|Gl=25 , 1|36 = G has a fixed point iq, X

1G1=25 = orbik of size 1,5 or 25
X is pmhfioned bl} orbits

Al ways to pa\ifihov\, 6 set of Size 36 into pieces of Sizes 1,5 25 involve atleast one
piece “of size

x¢ X has ovb'.&o]c sizel = gaxzx VoeG
= % isa fired point
Coun%?ng orbits
2 extreme cases
1) Action is trivial = gax=x VgeG xeX
1) There s one orbit : the ackion, of G is transikive on X
e Vx,je)(. 3566 with y= g4t
S8 82,-mY s transitive
(Cauchy)
G a finite group and p a prime with pllal
Then 3 an element of order peG (hence also a subgroup of size P(C"}Llio))

Proof:

Let x=<(\11|_..,x’,) | x-teG. , 11....‘1?: IQ} < GrXG

e

p times
Theve ave |Gl choices -fov Xq, |G' choices «[-or Xy, |G| choices afov Xp-1

ﬂ\ev\ -1
xl....xrz 1QQ xP': (11“”1]’")

Can chaose Xgiidpey 7‘"“‘7 as (ong as
Xp= % '"xP")—
= [xl= |&|P-, which is divisible by p becanse G is
ollel = p|ixl



Zp=50.1,'-',p-1} with + mod p
Zp QX l"j "\*("1-"':19):=(1m+\. ey Xp, 11.-"',1.\) ) MZP

Let ZP act on X ln) "c’clinj" 4urles

- = -

e X

/1,'; : 1\{\\ M(ZP vo{a"es ZP 064'5 ‘M}
. by m votation

\ /‘

~
\——’

Then, by LO'Io"M? 1 = each ovbit in, X has size 1 or p
Have (1¢,+1¢)€X and “*(14"""14): (16, -,1,) YmeZ,
= orhit of (1., 1¢) has size 1
Suppose all other orbits have Size p. Theq X = D_sizes of orbits (orbids partition, X)
= 14
A

orbit of
(14,,1¢)

all other orbiks

= Ixlz1 mod p x Since p“Xl
Contradiction, = 3 another orbit of size 1, ie.
(g, xp) # (16, -- 1) €X whose orbit s size 1

: M*(lll -",.xr): (xll"'lxr) VN\'

4 T xl s \ .- - - <
S X0, meZ p volates ,‘,[r X JL\‘
I \ b’ m = | L,
\ s ! :

\ 7 \ IJ‘

p 47 \ J

N\

= Xy=Xp =00 Fdp =X (-fof examrle)
Thus 3 x# 1, st erlq = ordev of x divides p
= o(i\= 1 or 0(1)=P



As x41e = ola)=p
Hence H=f1,x2,--', xr,' x',= l&‘] Ly of SiZe p exists



3. How to Count

Verfices of Square

Ja’uave and we can co(ov K B

Question: How many different squaves?? What if we ave allowed 4o otate?
Answer: [X1=2%=1¢

%=<all PossiHe coloved Jt,uaveS}

G=X 16,7, 7 0 * group of rofations

GOX in the obvious oy’

Y¥

|1}

~~> count orbits

ovbit of size 1 stabilizer Size &

two orbits of size 4, stabilizer of size 1

otbit of size 2, stabilizer of size? (=¢1, 1Y)

orhit of size 4

> 3e{ orbits of sizes 1+1+ 444t 442=16
We 9e{' 6 ovbits in tofal
Fix

\De{i'\i{im\,
GO X
Fix(gﬁfxe)(lgwmrf <X




Burnside Thm,
Buwnside Theovem,
Let G be a -fiv\ike grou. X a finite st GQY

#orbits = L = > [Fix(g)]
Gl g¢q

Proof:
Consider the set
Y={(g.2): gu- xY<Gax
and count size of Y in, 2 ays.
(1) For fied g, thete ave [Fix(9) | «'s such that gu=x

Thas Yl =Z | Fix(j)|
jea

('l) For fier «, there ave |G,,| 3‘& -t gr=%
Thas Y122 16,

xey

Massaaing this Sum,
SuPPose Xgo Xy ave in orbits in X
Note: t is the number we want
ME ZlGJ = iz | G,\_l orhits PNMEM X

Xe X izl XEXy

t
2 5 xex;, then, 161+ Gual 16, = 6l= 41|
izt xex; (X

=I&|EZZ,)'(—J

izl xeX;

¢
=16 % < Ialj 1= 6|t
iz 'R (3

=> t=#orbits= L > | F'n((g)’
(&l 3(&



Noke
P9l e X G, <6
* Bumgide Thm, says
#orbits = average # of fixed points

P 26 contd

Coun{ir\} orbits us'mj buvnside

korbibs = LD IFix(9) |
(Gl 3€G

() 9=16 ' have Fix (1¢)= X a{wac’s kaPPeqs
= (1)l I¥]=2*

(ii)ﬂ:Y
= |Fix(v)|= 2
61-() 3:12
=[x (1¥)] =4
(i\l) 3:73

= [Fix(v’)]=2

Hence #orbifs= 1 (2424 2.z+ Z)= 6
&




Let g¢ Z79 How Many vJou,s can you coloy +the foces of

Naive aﬂemlpl' ‘9 choices fot each face = q/tf coloved fetvahedva

usinj q colovs

ave T€a"7 the Same, evey\""\oujl\ couMeo‘ dwice

Attemot #2: G = votational \sjmm{-vies of

X =1{sek of all possible painted fetrahedra]

GOX with a Yotation, sending a painted tetrahodron, fo its image under votation,
Count # orbits

(i) 1Fix (1) 1= 1x1=4q" = naive ansuer

(ii) 3
9 4; 'l'op J Musf be Same co[o'f-(L posﬁbili{(cs
- boHow\.- amjl—kin\?- g Possibi‘ihes
= qz possiHe f-ixed tetvahedva
Jiv\ilav(7 for other 3 tums and +heve ave b 7% buns = lH(‘[,z
(iii) 3:1/3 Vo('a{io.‘.: 7 wh(iwk n opFosi{'e divection,

= :f -fb(ea' heve as well
b s 'ro{'ajtiovp = 4—)(12



q choices fot pair g, choices fot pairs
J 'ro{a{:iop\s like this = J)(tf
Thus

4 of painted tetrahedva = %(1" + “12 )

Ej qf:lt
# =36



4. Sylow Theory

Lagmnjc's Theovew,

(1) Laﬂmnﬂels Theovem,
Let G be finite gromp and H<G. Then, the ovder of H divides ovder of &
Wl |1l
Morveover
JliHIL = [4:H]

(2) Converse of Lagmnge's Thm, not true.
it 1G] thew G has o Jubﬂvoup of order m, is NOT true

e.a. 1) G:'rofajcioqs o-f ‘ == |G|-—|2

with divisors
1 2 (2
{15 $ 4; NoN 6]
4 \
+
e

2) G=Js, st,mmehic goup
lG1=51= 120
So that 15]1€] bub NoT subgroup of ordev (5
(3) 8ut (7) we do have a partial convevse to Lajmnﬂe.' CaucIr\?'s Thm,
p prime, if P“GL then, G has prime mbj\rouf of order p



Sjlow p-su}:j'roup

lDe{iV\i{ioy\' Sylow p-suijour
G be a finite group with
|Gl=p m where p prime
and ged(pm) =L Then subgroup H<G with
[Hl=p"

is called a Sj‘ow P-Su[)jvoup of G

Suppose l6l=2"5"13
then, a subgroup of order
2 is a Sylow 2-subgroup
5 s a Sylow 5 - subgroup
13 15 a Sglou 13- subgroup
Sylow 1% Theorem,
63(0».1’5 1st Theorem,
Tf G has order pnnq with p prime and 3cd (p,w\)=1,fkem
G has a Sylow p-subgroup
Proof:
Let GO X
X = set of all subsels of G hoving P elements
Acks by g¢G , AeX, then
gxh = gA= {ga:acA)

Then, X has ('ﬂ) =(P’:\:\L)
"Ex: p does not divide (P;:l,)



=> p does not divide [x]
Also X = disjiat union, of orbits
= X1=D_ size of orbits
Conclusion,’ 3 an orbit whose size 15 NoT divisible by p
Gall Hhis orbit AeX

By orbit-stabilizer theorem, then, says
ptm = |Gl = GeAl |6,

orbit  glabifizes
Ml =5 2 leunl 6,

= |16,

= p'<lG,l
Now let 9eGy and acA. Then

9A=A
and in, particular gacA. Thus

Gye <A

Finall
o |Gul= 16,al < |Al= P

By and
lG’Al : P'L
Bu(ﬁ IG’Al 15 a SuLgYoul?.

G- 'fojml'iov\s of 4;

with |G|’-22"3
= Jylow Z‘Suby’rour order 22 /]\

4 ‘\I’/'> t identity



J’Ioul J Jul;j-fouy order 2

A

= $; hos Jubg'rouf of ovder 2 g 35

§s has order I20=23-.3-5

Note: S5 does NoT have a 'S“bﬁ'"’“l’ of ovdey 3.5 (pvove )
S\\,lou 2nd ﬂ\eovew\
S\c,lou 2nd Theorem
Ig Py, Py ave J,lou P-Juby'rouys then, 3 a 966 5.t

P2=3P18-I

\f’low 3vd Theovem
S\u,[ou's Jrd '”\eofew\,
Let Np be the namber of J\(’lou P-subgvours of G wheve |&|=pﬂn. Then,
(i) Np =1 (nod p)
i) Np [m
Prof:
(i) Let )(:{H,_, . H~r5 ={/$e{' of Jylou p-.ml;j'roups of G}

Hiﬂ)( | o

[ Exercise
(a) ;\ij.' is also a Sylow p-&ul)gvoup
(b) Above s an_action,

| (¢ Kj:= Stabilizev of Hj.Then, kj=H, 0 H;



From Exevcise
ki=H = stabilizer of H, is just H,
= orbit contains 1 element
FovJ'#l then, Kj=H,n Hj is a proper Gubj'roup of H; wheve
[HErS
Thas [kj1=p" for some ken
By orbit - stabilizey theovem,
o= [l = 1L TH,
we 3e{' pn= FK|H.¥HJ'| with k<n, so
p| M4 151
As X is the disjoint union of orbits, we have!
Np = #Sylou p-subavoufs
= |l
= ) sizes of the ovbibs
= 1+Mp =1 (med p)
ovb"*}# all other
H, ovbits have
size p
(i) wse a gtoup action
Let Ga X
X={ Hy H,, oo Hnr}=fsejc of Sdiou-P-Sukjmfs}
by: ;
§*H" 94
Makes sense 7 (show ackion)
Fivstly is \9“3" a Sj\ou p-subgroup., i-¢. another element of X



(“) 3“\94 15 asuijour.

begHy' = asghyg’
TR a,séabvki{gkzs"

b= \9“"‘9 -1 -1
i = §hiheg g gHly
| | €H
0: €3H3l
ee jH 3"
(b) sf\\’loh\
bijection, bijecl’i% -
H ! >3H > 3“3 ((mve)
order p*  p" elewpents order p"

= \9“3" a leou P-sukjvour.
(Also show (A1) and (A2)-.)
Nou we have GOX. Then Sylow %2 => action, has 1 orbit, namely all of X transitive action,
By orbit-stabilizer theorem, . ackion, has 1 orbit

lGl=pn = la oyl 16y I= Ix] Gy |
=> [XI divides p"m

Now consider ged (11, p). Firstly

ged divides p => ged =L or p

(a) ged=p => pl1x] & conbradictioq since Sy #3 (i) sap
ME Np = 1 (mod p) % 0 (mod P)

(b) Thes 3ca[= 1
Note: a|bc and 3cd(a,b)=l = a|c
= |X|=NP divides m,




His a normal Jubjroup of G
gH=Hg
0
ghg=H
MZ Prove latey
Obsetvation : Suppose the number Np of ijou P-SubjfouFS 15 aivtal to one.
Call the J,Iou P's"bj""f’ H, say
Then, for any 9. we have gHg" is also & S’(ou p-subgroup
But (*) there is on[7 one such, §o that
3“ 3- =H

Np=L = H is normal

Suppose G has order (35,
lG1=5" T, Consider Ng=4 of Sjiow 5‘Suluj'rou\r$.
Sylow #3(i) = N |
= Ng=1or ?
Sylow #3(i] = Ng= 1 mod 5
= Ng=1
Conclusion : G contains a novmal Suhjvoup with 52= 25 e[ewlen{'s.



5. Conjugacy

Definition,
Two elements 31,9266 ave conJm90+e$ if{
95" kja.k:' for some heG (4)

Notes
(1) 9oz hgsk => Kgh=g,
= ) 92 (K')—'
= k9,_k4=31 for keG

(2) In’(u'shvd" con")mja(e elements have Similar a‘jebvaic on?evl-ics.

G = Yotations of 4;

ave all con)myalres ave oll con\juya-hs

9,° kjik-' and 9:= 1¢

n

95 = (hgk)
= kji‘;-kgik. '”“31“" (n times)

Similarly g,= K‘g,_k 50 {hat 7?’ 1; = 92= p
= thus 9, and g, have some ovder.




G=GL(nR)

Then in, linear a'ae‘)m, an, A€G is Jiajo¢a|i2ab|e Nkev\'

A=moM’

for some M and D diajor\ul.

*Aand D are con";uja{es (similar matrices)
* A and D represent the same linear map with diffevent coordinates

. ﬂ\ey have same eijerlva‘ue, tvace and deberminant

Conjujac’ class

Definition, Conjugaw class
I{- 96&, H\el\, Con\)uya% class o]C 9 15
9G={k3k-"- he G
the set of all Cov\:,n?al'es o-f 9

Centvalizey

De{ir\i{iov\, CenhaIEZeY
The centvaliser of 3is
AORIIATYNY

GAG by Conjugacy
heg=hgh’

> orbit= 36

> stabilizer = C(y)

» Fie(n) ={geG | hgh'=g = ()

Hence

# con\',u\jacy classes = %ﬂ%lca(k)l

[’IAYV‘S'lJe ‘H\v\,




G is Abelian, (iee. ok= ‘\_? Vs,k)

ﬂ\er\, - -1
kgk z H\,7=9

= ¢%={9} in an Abelian, group
in any G
hgh s 1 = 1¢={1]
Cor\jnaaCY in $n,
Definition Cycle Structure

The C,c'e structure of & 0edy 15 @ ]Conv\al expression, of the form,

here Y\;EZ’O and NyaZn,2 20y where if 0 is writlen as a voduct of Jisjoin% c’cfes,ﬂ\ev\,
theve ave cc’c‘es of ier\’{'k Ny Ry, Ny incluJim) Cgcles of lenqﬁ\ 1

1) 6=(123)(4 5)‘555 has cgcie structwre 342
z) 6=(12 3)(4 5)6 \P has cgde shyuckuve 34241 ¢

3) a:(1235)(243)=(1243) has c:,cle structuve 441

Two elements of 5o ave Conjuja}e

§

they hove same cycle stracture
Proo :
Suppofe 'C=fu6,~" € §n,

Consider
(01 a, - a.‘)

[ c’c‘c of 0. Tkem
wog g, a) ) = (0a) pla)) - p(an))




RHs: mai) — wla;y,)

LHS: pla;) = ap = 07— w(ai)

Thus have expression, above

Now write 6= 6,6,-6y o product of disjoint cycles
T pOR < pO R b jO R

B’ /ad,-‘/;‘ is & C9cfe of Same ler\j{'k as 0;
=2 T hove same cycle structare
Suppose 0,7 have Same cycle structure.

N+t

dz(a" . am,) ool '“u;)

C:= (b“,....’ bm,) Joerd (bg‘:"": btn,‘)

Then, g is a bi\jecfior\,é.f,,\, With

0
— a:

% i+
= Tz pop
b'.J';» bi jet
Conjugacy in Jdn
"=
Cycle structure g
1t1+4141+1 1
2414141 (t2)
2+241 (12)(3 4)
3141 (123)
342 (123)(45)
ki (1234)
5 (12345)



Every 0¢Sp, is conjugate to one of these seven,
how Many elements of Sp ave con‘}ugafe fo (I 2) (lf 5) !

Answer: Tis conJu e o= (12)(45) e)(acH? when, T=(ab)(c d) fox fabic,dY diskinct
in, 1,2~ %}

Choose a,byc,d | in ( ) watjs Place thew,: (- -)(- —)
in fact (a ‘) (- -)
b.c,J defermine vest
= 3(6)=45
()

Cow\{inj con‘,'uga{e e(eqen{s
Question ¥ How Many elements of Sy are conjujafe to some fixed Gy,
Make §n, act on itsels luj con\'}uja{iov\,', o, (3 Sn, b”
Im-k 0= lub'/n:'
Thew, orbifs = Conjugacy classes
stabilizers = centvalizers
By ovhit - stabilizev H\eovm
Y\' |J'\,| | “'l | CS (6”
§ 9
(.onJujahb all g st
01 o ,A_O'}/.:l: 0
=> # we want = |6>*[=_n!

Ic ’fc “—  count +his

Write 6 as a proa\uc{' of disjoink cjcles §-1 theve are m, cjdcs of lenj'HL Y

Then,
6=----(a..---a.,) . '(aM,I'“aM,r)"' ('k)
—
The chc(ei
and

MO”\:'~ i (ﬁ\(ﬂu) : (aw)) il (f\(anﬂ)' : 'ﬁ\(an,v)) 1 (’k*)



We wank 4o count the m's st (x4) = (%) p.e. MO =0
Need (}n(ﬂu)“-,h(au)) to be one of the (%)
Thete ave My choices for which one. Jim'|avl7 (lﬂ(ﬂzl)"“p\(%,)) has my -l choices for maickinj
S uags Hhe (c4) con be makched with, (<)
Suppose (1(aa) -~ p(a)) is matched with (aii---air), then either
)=y ot plan)s aig - plon)= i
e v possibilibies for (a,)

As §004 as this choice is made, +he possil;ifi@ies for the Yewgining ,A(a;J-) ave comPln‘ely
de{emiqed.

This is the case for each v—cyc(e

(w(ay) - mlay,)
of s giving m, 1™ Wy of the ’r—c\«,cles of MOp can equal +he V-Cycles of 0.
Conclusion : there ave m v ways the v-cyc(es in, (&) are equal to the n,cics in, (4)
Let v vary 4o give

| My ] -
T m,!v ps st pop =g
12|

=) # of conju7a+es = _n!
of 0 T m, !¢

12|

Note ! I.f M, =0 then,

Mv! " O!Yo’-i
o=(12)(y5)es,

= m, =2, Mm,=2

‘F*con\"uj?les o]( -_ 6!

M
mh™Mem,ie™

= 6! ':I.(.5

912122




6. Counting-Conjugacy
Recall if GAX. theq by Buvnside +heovem_

# ovbits = IFix(q)|
ovYots G\’% XJ

()

Jup(wse now that xeX with xeFix(g) 50
3*1:31:1

Consider

(kdk")(kx.)= lmj(k% hy
le. L€ Fix(g) = kthix(hjk-')
Comem(, if 36Fix(k3k"), [-e.
ij'(3)=\7 = \9K|(3)=K(7
Le. ye Fix(kgl\:') = k"(g)f Fix(g)
This qive
Sj S reh

le(g) — Fu((kjk)

(—l
vl—’hy

maps which are v\ujcma‘ inverses —> bi\jec£i045
I.e. |Fix(9)| = |Fix<k3k")|

Thus con\',ugale elements contribute the same Summand +o (%)

T hus
forbits < l_;_alﬁ ||F|X<3 Polja Enunqe'ra{'ior\' (%)
|G| dnlsscs S
\
Ct:ts'!ugau’ clas
9
Remark: G=§

|Gl=51=120 but G has On‘? 1 con\ju?acj classes wﬁesronlir\j o the Pemu{:a{;o,ls of 5
(41414040, 24144, )

=5 (%) has 120 erms, (4%) has 7



Exfended Exanp(e
A 3-rap|\ 15 a Set of nodes/ vertices conected bf} edaes.
Convention, We won't allow v\uﬂ'ip(e edgcs between, vertices or looFS

graph [

2 gmphs L and [, ate isonovrl\ic it da bijenliayl f from vertices of £, +o B st
wand V ave joined by aq, edge in [ & {(u) and Jc(v) ave joined by an edge in, L,

( (TS) (123 45)
3

isomovpl\i(, 4o each other

Question . how Mny non- isonorpku'a 3mpks ave there with 5 verlices

Altevnate view :

Consider

CON\,Pleh 3“‘?“ K,

svafhs on, 5-vevtices P T 60(ouvin35 of edjes o-f ks with O,



N
v

Then [} isomorphic 4o [, <= comsPonAinj whﬁ"ﬁs of Ks ave isomorphic
Now let 851X
X =Tall possible edae calorings of k)
Then, # non-isomorphic jvaPks =4 ovbits
Using Po(’a enumevation , list conjugacy classes in S

Table #1 (CO"J“J“J n, 55)

Partition, of 5 example o |5 | - I\'m' e
1+1+1+1+1 1, 1
241¢1+1 (12) 10
24241 (12)(3 4) (5
3+141 (123) 20
3+2 (123)(45) 20
ki1 (1234) 30
5 (12345) 24

Reality check - GAG by conjugation,
hg=hgh”
Orbit of 9= fk*j : kgk" T heG)
=2 G= disjoint wnion, of ovbits/conjujacy classes



Example o |Fix(e)|
1 X]=2°
(\i{.«:&{g:ae 3 s colors
(@ 2) v 2 (=2 )
AR
(12)(3 4) & 2°
AN
SRR ) IR
N
(123)(45) L f) 2
ae (5
(123¢5) @



7. Subgroup Lattice

Definition, Subgroup Lattice
Let G be any. gvoup.
Then the Subgroup lattice of G written, 1(G) is the set of oll subgroups of G 5.
Hoand Hy € G Witk H, SHy, they in 2(6) write:

/"

H,

Schemalic

\

H./H
élc}l
G=2,:%0.1,2, o ¥ with 4 mod n
Then, H=((1G'§ ={0Y a Subngr
Tf H$S0} 4hen let O keH be smallest
=k, k+k, ktktk, - € H.
=V K, 2k, 3k,---cH
= {0,k,2k, .- J <H
Now let heH and divide with vemainder
h=mk+ v 0<v<k
=> vhewkeH by closwe since hek, mke
= veH
Since k smallest and 047<k =D v=0 = h=mk




Thus H={0, &, 21, (1)) —— (%)
with Sk=n.

ConC‘uﬁor\,: Lf H<Zn, then, H looks like (*) with Kk dividir\j 10, 1-e. kl'\,

n=l2
{0}
olo 6 lo |
0,6} ~Z, o‘oé E0‘0(
6|6 0 ({1 o
$0.4.8) =2,
{0,3,6,9% EZ&
fo,z,lh 6,8 o) = 2,
4,

Nﬂl’e ZJQZG ' ZZ‘C'Z#,

1(z,) Z,

Z/ \Z
|7
\M/

Jymme&ms of eciuilal'em( hriang(e )

. ~ ¥ Yo{'a{iov\'
6 \/
G =flG,v,v’,6,vs. Vs

N Ye-flech'oqs

Then, (153, {14,‘(,'(2}. {1¢, 1, éiq.vs}.élq.rzss and G subgroups
2'23



Now let H be an avbi’cmvj Juijouy.
(1) Suppose veH oo that $1e, vl
= 3¢ (4l
By Lagrange, [H| divides 6 = IHI =3 or 6
= H={1v.7" v

(2) Juppose seH and Y¢H. Then,
{16.50¢H = Hl=2,3 ¢
T4 [H=2, then, H={1¢.5s3 and HI <=6, then H=6
Lt [H]=3, then the element of H +hat isnt 1¢ ov § cannot be v (hence v*)
Le. H={1G,s,vs'5 or H=€1q,s,12.s3.
If ,fivs{: then, vs.5¢H = $=veH X

6i~\'.lav|7 not second

SN

51@57’ éiq,{sl’ {16“,25} (1(&;“1 %

AN }1&/ /



