


0. What is Galois Theory

S:,mmejcvies of the Soiujcioqs bo x22=0,

Leb o:3(2 €R and w=-1 +(3;
2 2 ks

“”q s
w Solu{’ioqs to 2-2=0
K2 N
Yis=bsk
) J w
(N
w‘s:l

These So‘m{iov\s have 'beome{vicalllsjmnelvy,
e s tbst b (), () 1
Yef\ujﬁoqs 'vojmjtioxqs

These ave NOT the sjmm{vies we want.



Fields

Definition, Field
A Lidd s a et F together Wit binary opevakions

addition multiplica{io'\
FxfF—>F FxF— F
(%,p) > ot+p («,B) = «p

Ga’cis{Jir\J the {ol\ou‘m\:, axioms
Commuhh\!ikj  Ya,pel,
o+p = pta op = B
A.ssocia{wiirj - Yo pel,
at (p41)= 4p)+y  (pr) = (p)v
Iden‘l:i“'\l) elements: 30,1€F, 031 guch +hat for all F,
ol+0 =K 1=
Tnvevses: Vel J-a€lF such that
o+ (-)=0
VaeF 3 £'eF such +hat
W =1
Distribativity: ¥y g,7€K, we have
X (B+1) =B+ &7

\Subtfieu

\Def'mijfior\‘
A Sub-field o-f a ](ield is o subset +hat is also a ficld under the same +,¥

QREREC




K'mﬂs Reca p

Definition, Abeltan, Gwours

An Abelian, (commutative) group R is asel with a binary opeation,

+:RsR =R
(a,b) = atb

Such that
(0) a+4b=b+a Ya,beR
(1) a+(btc)= (ath)+ ¢
(2)30€R st 0ta=a+0 VYaef
(3) YaeR, J(a)eR ot at(-a)= (a)ta=0

Nofation,: We write a+(-b) = a-b

Definition of a ving

Definition, K1n9
A 'ﬁng R 1s a fet with 2 b’ln077 ope'vahov\s

addition, mlHylimHm
RiR =R ReR-R;
(,b) > atb (a,b) - axb

\Saﬁs{ginj followtng axioms
1) (R,4) is an Abelian, graup
1) (axb)xc = ax(bxc) Va,bceR
‘i?’.) ax(b+c) = axb+axc VYabceR
(atb)xc=axc + bxc  VabceR

Nokation,: axb i Yelmsenteal b‘j ab



Commutative R?nj

Definition, Commutative Kio\’
A «:.\, is Commutative if Va,beR,
axb = bxa

ie. maltiplication, is commutative

Subr! “j’

Definition, Sulninj
Let R be any ving (+,4) , leb SSR be any Subset
We say S is called a Jubv1n7 of R if:
() 0eS (identidy)
(b) a,bes => -acS, atheS, axbes (losure)

Kin9 Homonofrl\ism

Definition, Kin? Homomorphis,
Let RS be any 2 vings. A unction,
dR>S
iS o ing homomorphism, if Ya,beR
i) &(a+b) = wa) +«(b)

R i
1) «(axb)=o(a) x «(b)
R S

If Rand § are vings with identity 1 and
W(1)=1

then, « is & wnital 1ing homomorphism,




Important !
Let R and S are vings with naltiplicative Menf?h, 1g€R and 1€
If d:R—$ is an onto homomorphism (or isomovpLim) +hen
a(lg) = 1,
Smallest Jul;](iele

‘De-fini{iov\,
Fel a subfield and GGC.
Write F(p) 4o mean +he smallest Sub:field of € containing Fand 8

Heve the mallest means 'u)t Flis any sub-field °]£ ¢ con{air\inj F and ¢ then,
Fle) < F'

Can, also considey F(@,,F,) ede ... so that we have Q(o(,w)
'”\U\' o, W€ Q(ohw)
= XX W =olw, oL L X ol € Q(d.u)

Le. Q(e(.k!) COnJcaiv\s +he Sof«-(’ioqs b x>-2:0

Exevcise: @(w) is the smallest \sul;]lieid of € Co'\{'air\inj these solukions
Loosefj a Sjnmjcvy of the solutions +o ©-2:0 is a s’mm‘w? of Q, w) +hat vespects the X
Consider Qtn) and Q(a,w’)
Then; #w€ Q) => &, wxw=n'c Q,u)
= Ql, )< Qa,v)
e Qi) = w, Wi = whe Q (4,7
= Q) ¢ Ql,u’)
Thus 3 & symmetry Q1) — Q")
which sends o —«4 and w -u’

Then, o0 oy



2 2 2 4
oW =W ol W =l W
ol T 0(3

o2

T‘rj ot l\owle
Q(dl”\z Q(olu,hﬁ) a(l\)ﬂ
= {S{:. {s, (fs)z ede a" 59nme+1ie5 » X
Bu’( ﬁalois ﬂ\eoy I\o-" geomeﬁb Guz

xs-z=0
oL
=52
2
el 4 (2-(“—54{51 : olw '(j
b 4 A
olW olu’

Zevo Divisovs

Definition Zevo Divisovs
Let R be a ﬁn7 and R#{0}

An element a€R 75 @ zevo divisor if for some beR\{o} b#0

ab=0 ov ba=0

Inkeg'ml Domaing

Definition, In{eyml Domains
An, integral domain s @ commutative ving with idenli{', 1¢R st
2D =10y
that is has NO non-tvivial non-2evo. Equivaleatly
N2D(R) = R \{o

R=2, Z0(R) ={o} = Infeg‘ral Domain,



Remark: Fov ony Ying R, the condition, 20(R)= {0} s Cq,u'walcnf fo eithey of
D) Va,beR\{0}, we have ab#0

) Ya,beR, the equality ab=0 = a=0 o1 b=0



1 Rings of Polynomials

Let R be any commutative 'r?n7 with Tden{?hj 1eR,140
Let & be a formal Symbol (x¢R)
A polynomicl in « over R is a formal expression
f=a,+ ax 4 40K
where neN’= NUS0Y and ay,..., a0 €R.
a; is the co-efficient of %
Conventions
(a) =1 and x’:x
(b) We can miss tevms a-,x" with 0:=0 (0 coefficient)
For_example : 1+ O 4 247 1+2x
(c) We abbreviate 1x'=x
(d) A P°|‘7"°""'“‘ of form, ax’ = al=a s called a constant po!-jnont?al
(¢) Consider 2 pol7nomia|5
fzoptaxt - tany
3=b°+b.x+---+b,\m“
When m=n: f=9 & a,=by, a,=b,, -, aq=by
When nom, apply convention (b)
g7yt b 4 bl ot b 4 O 4 o4 02"
=> by =0, - by=0
Jimilar for nom,. Then for equality, we hove
if man f=9 & gz by, 0,2b,, =+ Gy=by, by, == by =0

it m<n ‘f‘:ﬁ = ao=b°, a,=b,,---- “n-’-bn, a =0, =0

my



Rin7 of Poh’nomials

Definition
Let R be any commutative ring with identity 1eR 140
Denote the set of all palynontials over R by

Rla]
Define addition and m\HPlIcaJﬁoV\
Addition: (+)
¥ £,qeRla]

f=aotax +-4 ans’ ,
mnenN
g= byt bt 4+ by

-f+g= Gtex +:--4 clac'q | J(=Max<'\-ﬂ11

a+by it T<min{mand
¢={ a i+ m<idn
bs it n<igm (‘o""ao"'bo)

Bﬂ convenkion (e), assume n=m. T min, then append O terms to the “Shorter Polu)nomial
{+9= (ao+bo)x°+ (a,’rb‘)x' +---4 (a,ﬁb,&x,n

Multiplication: (x)

$x4= (agtas 4 +00x") X (bydbalt-4b0a’) = dy+dgt -+ dpy 0™

M

wheve for 0Lk<min

dKT-Za;bj

i
i+j=k

Note that

-fxg = (aox°+ a,x'+---+an£\)(b,,.x°+ b,x'+---+bmoc")

= Gobomo “' (aob,+ a'bo)&‘ 4 + a’\b"\x-M-W\'



K?nﬂ of Poljnom'l’als
Let R be any commutative ﬁn7 With Hen{?h’ 1¢R,140

e (Rl«], 4, x)

5 a commutative ving with an ‘IJeth’.

Let R be an integral domain

Then R[] s an Inhjml domgin, i.e. V{,gék[i]\(ﬂ
£9£0 and dej(fj) = dej(-f) 1 dej(j)
Non- example

R=2Z, then, (3x+1)(2a41)= 5+l

R commutative fing With 1€R ond ceR and define
g, Rlx] — R
bj ¢ o™ 4a,x 4 a,): a,C 4 -tacta,
Then, €. 15 a fing homomorphism
e (£49)= 2 (f) + &)
e (19) = ¢.(5) e (9)

Division, A\jovi’ckw\,
Division, alﬁoviikw\,
Let fig¢€ Rlx] s4
g=bnx+ ot bx b, (bieR)
Nith bu, kowinj an, invetse in, R undey X
Then, 3 wnigne g,v¢ R[x] st
£24941 deg(1) < deg(9)



Remark
If R=a field then, the condition on g is just 940
Roots and irreducibilify
Ly -fzcx,‘)c"L + a,\_"l.’\-"F - taxta, €RIX]
and ceR, then ¢ is a oot of f when,
4 ta, ¢t acag=0 (in R)
x4l is an element of Z[x], Q[x], RIx], CIx]
Has no roots in Z, @, R
Factor Theorem,
f€RIX] has a voot ceR itf
~f=<x—c)3 whete gé R[x]

f € RIX] where R is an in{ejmi domain.
Then, § has at most dej(-f) Yoots in R
+3ct2€Z,[x] ot an, TD
v

= (x-1)(x-2) = 2=l or x:2

and  (2-1)(x-2) =3x2 (ie. 'l=lf) (ie. 4 vooks)
(x-1) (z-2) = 4x3 (e x=5)

Definition,
Let {. 3€R[X]
A nor\-’ﬁrivia| -f-ac*ovi?a*ioql o-f

£:9h

with s,kGR[X] and dej(g), Jej(k).’l (eulv\ivalen'lls) deg(g), o\e’(k)<de3(—}))




De-finijcior\, veducible /irreducible
Call f reducible over field Fif A a non-trivial factorization

Othevwise F is ivreducible

4= (0-0)(utt) i CIx]
* veducible ovev €
¢ 4 irreducible over @, R
f=axtb (a,beF)
§ is ivreducible over F
For i f=gh with Aeg(g), Jeg(h)Z\
Jeg(-})=dej(3)+a|ej(k)2l+| X

Fundamental +heovem of algebra
If feC[X] is non-constant, then has & voot in ClX]
Consequence -
It dej(ﬁZZ then, £ has a oot ceC hence
f=(x-6)3 e Clx]
ie. £ veducible ovev €

= or\(’ linear ?olynow\ials iwreducible ovey €

Trveducible over F =F having no voots in, F
f has no voots i F -'7‘5 f is irreducible over F
eg: w241 €Qlx]
- (241) reducible over Q
and deavh} no toots in Q
§ inmeducible over F = £ has no voots in F
eq: oxtb € FIX] imeducible over F




bat has voot -b =-ba €F
a

it feflx] with deg(f)¢3
4 has no roofs in F = f ireducible over f
Proof: both ways contrapositive
(=) Suppose § has a voot. We will show § is mot itveducible.
Aaef st §a)<0. Let w dvide by (x-a) with & vemainder
{:(x-a)qﬂ vhete ﬂ o1 Y10 but de9(1)<11

2evo const noi- 2evo Const
L

0={(ﬁ)=0Q+Y = y:=0 Y s a const
z = (- =12 | = ¢ i ibl
2,3 de,-{- de, Jlla) +de9 q 1, l f 15 not treducible

- )

(&): Suppose § & not irveducible. Need 4o prove { has a voot
So f=wv, w,v ave non-constant pol,nomials

2,3=de9 (4) = degs:»\) + dsﬂ(v) == deg(u)t 1 or de9(v)=1
| |
Ju\ypose deju=i = u:c.ﬂd, vhere ¢c$0 = c'ieF

fe(extdlvz clx+c'd) = x=¢'Y, +hen 1 s a voot
Jimilor fot deg v=1
Field Zp
We need another field 4o play with.
Seen, that (24,4, %) aving
Z,: $0,1,2,-- .’,\_(}

I nep prime. theq, Zp a field
 hint if keZp With k10, then, JaeZp st ]
ak = 1 (mod p)

li.e ak=l i Z’?



Notation: Write 'Ff from, now on, instead of Zp
Lf N prime. theq, Zp not a:fie\d
(ej'- 2, with 2,3¢Z; wheq, 2x3:=0€2 but a Field is aq, ID)

We have the sequence -
b B 2, K. 2 0y 2. 2.2, F,
(We will see that 3 fields L but +hese ate not 24,23,21)

AT EIr ALY

Claim,: This is irreducible over
Check for vooks 0"+ 041

y }@ no voofs in .
"4+ 141 =1

This gives that the on|7 possible fac#ovisa{iom 5 05 a product of 2 quadvo-hcs

Moveover these 2 quadm{ics ave themselves ivreducible over F,

The quadratics over F, ave
2

L ol dtw T ey
f f ! )
| fo) ) 040 +1 ; k in F,
no voots in F, and deq 43
F4l 4] i J

= irveducible over I,
All we have left i L4kl bat

2
gy ¥ (1.21—141)

== irveducible over F,



Iﬂeducﬂ:ilﬂy over @
Gauss Lemma
A pol,now\ial with 2 coeﬁicien’cs can, be Jactorized into 2 ifac“ois with 2 coe]ﬂficienrk

]

it can, be -fac%ﬁ%ecl into 2 —fac4o1iieJ into 2 —fac'['ovs Witk @ coe-fficien'k

Eisen.ﬁeiy\, imducﬂﬁ“v

Lot o A i
f=lnx Gy x t-1-% ¢ 4c,

uith the ¢;eZ. Suppose olso that 3 @ prime p st
(i) p divides ¢5,¢,, -, Cas
(ii) phea
(i) p’/r Cy
Then £ is irceducible over Q.
Proof : (via contradiction)
Suppose ]tvk with g,h€ Qlx].
Bj Gauss Lemma, can assume that
g=at - tax +a,
h=bs’+ -+ baxtb,
with a; b€ Z. Then,
Co= 8y b,
¢, =a,b, 4 a,b,
¢,= a,b, +ab,4 a,b,

¢

C5=a°b;+ - 4a.b

C’\= a' bj



ple, = fl“ol"o
= ploy or plb,
But ptc, = can't have both.
Assume pla, bujc@
Now ple, = ple,-a, b,
= pla,b,
= pla, or lby) X
- Pla,
- keep going -
plag, pla,, - F(a,
= ?(a, bs
= p|cC
Pl ca X ]
x4 (25 - 352t 4 20 - 5 + 1008 +15
ivweduible over @ with, pe5
towl: if § iveeducible over €, #hen, deq(f)¢1

if § imeducible over R. 4hen, deg(g) <2

Wheteas ovev @ 3 polynowjals of ovbitrarily lavge degree that are ivreducible
The veduchion, test
About veducing coef ficients modulo a prime
Let Fp =0,1, -, P-I} with +,X mod p (prime) be +he field with p elements and

o’PI 2 — l‘Flp )
op(a)=amod p
op: Zplx] — F, [2]

n
a; (Zdni) £ ior(ai)xi
i=0

i=0

Extend +his 4o



p=’
F- 8 ee-1e 2lx)
6, (£)= 3 + ha + € K [2]
Reduction, fest

seZlx] and p a prime st

(i) degop* (£) = deg(3)

(i) 6(;" (4) irreducible over Fp
Then, 4 irreducible over @

§288-6c -1
(p=2): 6" (£)= 1 sails (3)
(p=3): 5t(f)= 2824 2¢ By (2] has vuok i, F,
(p=5): 65"(;})=3x°+4,x+ e R[] o deg €3, suffices fo check has no voots in, g ={0,1,2,3,4Y
has noqe = irred over F
=> 3¢ 6x-1 ined over Q



2. Fields and Extensions

A|l‘err\al:7ve de{iv\ikov\ o-[l -fields‘

Defiqition Field

A field is a set F with 2 binary opevations, + and X such that for any o,biceF
1) Fis an Abelian, group under +
2) F\{0F s an Abelian group under X
3) The 4o opevations ave linked by the disksibutive law

Definition, Field
A field isa set Fuith 2 binary opevations, + and X such that for any a,biceF
1) Fis a competative ving under + and X ;
2) ¥ aeF\{0F, 3o a'cF with axa'=1za'xa

Field Extensions

Definition, Extengion
Let FSE be fields
Then, Fis a subfield of E
E is an, extension, of F

Lt BeE, they wiite F() for the smallest subsield of E that contains F and { o in
p;fv{?fulav F(P\‘ i5 an exfeqs?cov\ of F. f f p

In 3et\em|, i Bio Br€E, define F(p.... (3,) = F(pr.- Bt ()

Note: FEF(B) is an extension,

Sauj F((J) is the vesult of adjoining p 4o f

Si'\,ilally F(ﬁ.,pz,---, ﬁk)

T4 E= F(g) for Some @ then, E is a simple extension,



Q<R Q<C, RC
R<R(i)
(notice: R(:) € €; on +he otherhand,
a.beR = a4bieR()

= RG)=¢)
Q € Q(f2) a simple extension
Firstly {2 € Q(12) and beQ(R) for any be@ = blz € @f2)  filds clsed under x
Simi larly a+bi2 € Q({7) fields closed wnder +
Thus the set
F={atbiz: a,beQF c Q1)
Fis o field in its own vight using the usual addition and mutiplication of complex numbers

For example. inverse of atbl2 is giveq by

|l % a-bl2 =g-blz - a - _b
atblz  a-bf2  oa®-2b2 at2b a-2b*

We have @ <FF and 2€F. Since Q([2) ¢ the smallest field kavinj Hhis onPe&7 = Q(R)<F

H
™ Q(2)=F={atbzlabeQ}
Q(2,13) is also siwlPIe ex’cer\sior\
| Q(r,i3)= Q(f1+(3)
Y001 -

.Ge@(r.6G) = EF+G Q6 5)
= Qat53) < Qi)
On the otherhand
(646) = (61 3(8) () +3(6) (G
=202+ 603 +9(z +3(3
=(l{2 + 43



Since (24103) € OU7.3) we g
(12446)-4(R+6)e@(2+3) = 12 <Q([2+3)
= 2e¢Q(403)  siqee 1,¢ Q1473) "L(lﬁ)
Similarly {3 € Q(n,53)
= 0(r2,53) < Q(1+(3)
Algebraic elements

Defini’tiov\, A|3el>m?c
Let FSE be an extension of fields and o €E
oL €E is aljebva?c over F when

A A-l
Bpd t Oy ol t--taktd=0

for some 4y, a,,--,ay€F. Ta otherwords o is a voot of some f¢ Fle]

De{?v\f{'?om Trancendental

I-f o 15 not the voot of any poljnmjal f EF[x] with F-coeﬁ?cien’cs ’rhev\' we say Fis

{vancendental over F

2 algebraic over @ (voots of £-2)

* T NOT algebraic over @ «—— transcendental
o aljebmic over Q(x)  (vools of x-x)

+ The roots of '+l 42 ave aljelmu'c ovey @



3. Quotients

Definition of Ldeals
Definition Tdeals of a ring
Let R be any 1ing and T<€R be any subsel
The Subset T is an ideal if
1 0el
i ael =>-acl
) a,bel = qthel
W) ael, 1eR = av, el

Pn'ncfpal Tdeal

Definition, Principal ideal
The ideal
aR=f{ar:veRy

is called principal ideal (9ene\mfed element aeR)

Pf?nc?pa| T deal Domain

Definition Principal Tdeal Domain

A pv‘mc?pa\ tdeal domain (PID) is an ‘m’fe\,'ral domain (ID) where every tdeal i pﬁnaipal

Let F be any -f?eld. Then the 'rfng
Flx]

s a pvinc’:pad ideal domain

De-fini{-'or\ Tdeal in polynor\'wd 'rinjs oveyf .fieUS
An ideal in Flz] is a set of the form,

£ ={fg |3€F[l]}
{0V Some -fixed pol‘,noov\ia\-f




x-2 €Q[x] and idedl
(-1 ={p(x-2) : pe Ql]}
Simp‘?{jinj x3-2x+15 + <xz- 1> )

1.3-21415 divicible by 2,2-2.
-2 152 x1(C-2)4 15 = o-20s154 o-2) (215 4+ (22

= 154 {x-2)

F,[x] and ideal {x2

Theve ave On\y 2 cosels
04{x) and 1+{x)
Suppose we have 3+(n> and
> g has no constant der (namely 0 since F,=€0,1})
R PIRARRA
(<): .f€3+<x> = 4= 3+$yx
§

no constant +ew\l
=> £ has no constant term,

= Je(ﬁ
(2): —f€<%> b f—3€<x>
f: 3+({-3) GJ-K?.)

> g has a constant devm,

3+<x>= 14<x)



Reminder of Cosets
Let (6,4) be any Abelian group H¢G Jubyrouf.

Deinition Coset
(G,+) be any Abelian group, HéG Jubyrouf. Then
VacG, a+H={atxlxeHt<q

s & coset of a relative 4o H.

In
a+ H
7

Ye presen{a{'i\le

onpe'vfies 0f Cosets

() a+H=b+H & a-beH
() a+H=btH & (atH) n (b+H) 4 ¢
(i) a+H=H=0+H & acH

H¢G and (,+) Abelian = H44
Proof:

VheH, h= hgg 'z ghy ¥ 4eG
Factor Geoup

Definition Factor Group
Let (G,4) be any Abelian group, HéG Jul:?rouf.

&/H'-'-{MH-'MG} = { e of all coseks in G velakive o H}

Factot / Quotient group




Factor Rinﬂs
Now let R be any 'rin7 et (R,+) s an Abelian group.
Let T<R be any ideal of R. Then
I<R isa Jubjroup telative to + = we have R/I

Consider factor set R/I with binavy opetation
»  Addition: (a+1)+(b41) = (a4b)+T
> Maltiplication: (a+I)x (b4T) = (axb)+T

The  binary opevations +, X
+: (a41)+(b+1) = (a4b)+T
x: (a+I)x (b4T) = (axb)+T

ave

Definition, Polynomjal Ying cosets
(£2 Flx] be an, ideal and ge Flx] any polynowtial. The set
gt<F) =gtk Ihe<h]
is called the coset of £) with Vervesen{ahve 9

(R/I, +,x) i av?n7 with +,x defined above

Fundamental Theovem of Homomovpk'ums for Rings

Let R, be any tings and o:R—$ be a homomorPkim
Then Kerd € R an ‘deal of R and ImoA €S 1S a Jubﬁng of $ and

R, = Imd
Mgl L T




4. Field Contruction

onpev Tdeals

Definition Propev Ideals
Let R be any ving
An ideal of R proper i IR

Maximal Tdeals
Definition, Maximal Tdeals
An deal M of R 15 maxinal if
() m is proper, M£R
(i) For any ideal TER
MeTeR = T:=MorI=R

P‘ro')cflies of Maximal Tdeals

Let R be any commutative ving with 1eR. Let M be any ideal of K. Then
M matimal & Ry is a field

Now consider R=Flx], F a field and f irreducible over F
Leb {f)<T<F[x] for an ideal I. Then,

I:{h) => {f) <N

= k|4

Since { irreducible =>  constant c€F or heef

= I=(e) or T={cf)
Bub Cef) =)
On +he otherhand, any Po‘ﬁnowfm‘ g can be written as a maltiple of ¢ by setting

gec(cly) = {D=¢ls]



Thas if s an, ineducible polynomial = (£ is maximal

Convefscly if (£ is maximal and N = (5) < (k) 50 that L’ Maﬁw"ah{'y
(R =48) ox {N)=Flx]

Note that (f) =(h) & h=({ for some constant ceF (prove!)

Similaly 1§ h=Flx] & hee some constant  (prove 1)

Hence £ irreducible over F. Thus

ideal <£) is maximal & f ivreducible

Flel(<£) isa field & f is an, ivreducible Poljno»\ja\ over

L+ inreducible over R =2 R/ a field
Constructing fields
a field of order 4
idea’ feFlx] inreducible over F
= Fe< Flx]/<R
start with £=50.11 +, X mod 2 and
£ tetteRle] iveducible over F, 04 0+1:|
= F[x]/{€101) is o field L4141
ith clements: {9+ rarY: ge R l2]T uhere
3+<xz+x+(>= 1(12+x+‘)+1 +<xl+x+\>
= v+ {utet )
=(an 4 b) + &l r) — (%)
Notation: (azl, b=0) w+diaxs1) &a
Also (a=0) b+<{xlxt 1) is wiitten as belF,



Then
(#)-’- (a+<x2+z+l>) (x+<x,2+x+l>) +(b+<xz+ )LH))

= o 4 b
F={0,2, &, b 50 thet eg
(t1) = (@ +0) (o 41) = L4 41
= W 4|
Magic algebraic vale: af +<F2 = ()
(4x41)4 (laxtr) = (Brat)

=> {44120

= et

Carrging on: 41 = ot 141 =l

Dvau?nj table

K 0 ol o+ | 1

oA 0 w4 1 o

General cor\s{mcjriov\ of fields: field with pd elements, p prime, d2!
Start with IFP[K] and fefp [2] irveducible o4 dejfee d
Lek d=24<f) and veplace Fp with its isou\orrl\ic Copy in, I’FP["]K'F)

This o -1
3T Folel /() ={ag ot -4 0, ] areFy)



Field with 8l elew\enjcs
22
= q2: Gq= (3 )

S{eg 1 Constvuct Fp2-= Fq

= Fy= fasba: a,be Fs) with vle al+1=0 = =2
=80,1,2, o, ol 41, 012, 2, 21, 204 2]
Step2 : Construct FasF,,
qu[‘j] 33=5+J+x
Check has no rooks in [rq
FCE (241) 4 (1) 4ot
= 24|
Similasly for other 8
Foy={ A+BP: ABERT and g4pt=0 = p=2p+2
=§ atbo 4 cp+dx[si a,b,cd efF,} and o2, p2=2[s+2o<
Field of ovder 729
124 3= (3"
1) Consider the polynontil
foytut2e€ E,[x]
Has no voods: » 0°4042=2
» 414221\ S £ is imeducible
» 2" +242:2
= F,: Fl)/{dixs2)
Let a=xs(4x42) = Fp={aa+b a,befy) with vle of=2441



Now let X be a new vaviable and consider Hhe polynomjals IFq[X] ovey f,

In, this new vaviable, consider polynow\,id
3:)(3-} (Zo<+\))( +1



5. Constructibility

Consjc\rud?nj in C
Theve ave 2 cor\sjcmc’ciw\s in €. For 2weC

line -H\rou@k z,u cirle centered at 2 Passinj wa:?k \

De-fivu{lor\l Constructible
A 2€C copstructible & 3 4 sequence

0,1,2,2, 2, . 2:2

Each 2j oblained from earlier aumbers in the sequence in one of the —fo“ouinj 3 ways

with p.q.%.8 <\j

Given 0,1, ¢ for free 5o they ave indisputably constructible. The reasoning is it wou stand on a
Plar\;\' wWithout ‘fc‘o-o-idiv\a*es, then, your sti{ior\, can, be taken as 0. 9 5y

Declave a direction, o be the real axis and a distance a‘ong it 4o be 1.

CoV\shrc{ a perpendicular bisector of Sejmenjc -1 to 1 and +heq measure a unit distance alOAj
+ 9e (

We have 4 othey coqs{mcéior\s



1) Dvopp'mj a pevPendicu\av -frowl a Poinjc b a 'ir\e

Perpend?cu‘av bisector of AB




4) Draw @ (iqe H\roujk a point that is Pam“e| to some other Iir‘e.

© v @ v

- PErPendic wlar from Pio £ \| /
: (Y
Y

Q QA B
(ir\e 1
® @
A 1R P R

Perrev\ducu\m /\/>
bisector of AB ¢

Q A 8

No{ahovk

Write G for the set of constructible numbers.

Cons{:mc'}?n‘? 3

bISEC{‘OY of

; ."-.’..'." + l

Consfmclmj L+l
2 2 ‘& 5-

Cons’cwcf?n\g 9.

1) bisect [0.1]
1) bisect ['/z,l]

i
:3/4

NY



& is a subfield of C
Prood
Shou first that GOR ae o subfield of R, ie.
a,b€GnR=> ath, -a, ab and & =L € GNR
*Closed under - : i

/N

—a m

o Closed under +-

a b
* Closed undey X:
GT\ ﬁf\ ______
Y
A\ AJE

E:::ab



Lta = b#l
a
. ‘)GVG“Q' : X=ab
1 b
+ Closed wndev = *
\
af\
N

A

\)

Now skouinj G 3ul>-fieH of C:2+w,-2, 2w. Y2 are constructible
Fivst: 2¢C construclible & Re(2) and Iw\(i) cons{mc-liblc

In(2)] o ,2 tIn()| - o2




Second : if 2, wel ‘H\er\'
2+ = (Re(2) #Re(0)) + (Tm(2) + Im (0));i
20z (Re(2) Re(w) - Ty (2) T (0)) + (Re (2) T (8) 4 Ty () Re(w))i

1= Re(z)-Im(z)i
2 Re(2)4 Inf(2)

So +hat for example if 2,0¢ G
= Re(2), Re(w), Tn(2), Ty(W) € & NR
= Re(2)+Re(w), Im(z)+Im(w)cGNR
= Re(240), Tn(z+n) €t

= 2tuefy

Similar o1 2w, -2, Leg
2



6. Vector Spaces and Degrees

Definition of a Veckor Jpace

Definition, Vector pace

Let F be a field (usua“? R oor €). A vector space over fF is set toge{l\ev with b'mm'!?
opefa’t'uons

veckor addition, scalat multiplication,
Vxy — V Fxy — V
(wy) — (wtv) (#,¢) > oV

(A1) Connu{'aHv}h) over addition,
Wy =vtun  Yuvev
(A2) aosociahvikv ovev addition,
wt(tw) = (wte) 4w Y wyweV
(&3) 0 vector
d0€V guch that 0tv=v VYveV
(A4) Tnverse
Given any veV, 3-veV with (-v)4+v= 0
(m1) Distributivity
a(utv) =dntpv Voelf, uveV
(M2 Scalar Muihplicahow
a(pv) = (xp)v Vo, pelF and veV
(n3) Distribubivity
(o(+p)v = dV+pV Ve e, veV
(Mh) Multiplicative Tdentity
Iv=v VveV  (vheve LeF is the usual 1)

» A vector s an element of a vector space

> Given a veckor space \l over a fidd IF, any oteF is a icalar




Note

i) Bein7 binavy opevation, mplies Vi closed under lineav combination,

VuvelF and any xef, uhveV, wveV
%) Axioms AL - Ak togethet with binary opevation, addition, is an, abelian, group

Linea¥ Combination,

Definition, Linear Combination

Given, vectors Uiy -y Yq €V and Scalavs o), --og €F, the Jum,

)4
oY+ oty Vg = 2 | ofj ¥
J:

is called the lineay combination,

Lineay Depcndance{ Indepondence

Definition, Lineay dePenJencc
A collection of vectors & =(\1\, N feVis linem(lj &ependan‘f
3 (%, - tq) € FN{(0,-,0)) st

ANt 4y, =0

Othevwise, we Sy Vi, ., Vg ave  finealy independant

Definition Lineay independence
i, Vg aTe lmewr\j independen{ if
AVt 42y, =0 = 4=0, ~,%=0




Jpans

Definitim  Span,
Let GCV be a non-emply collection of vectors.
The span, of G denoted
\SP(&)
is the set of all linear combinatim of &
6[2(6) ={ W™ | w=od Ui + 4oV fov some L3¢, \liéS.s

By convention,

Sp(¢) = 10}

Basis

Definition, Basis
Lek SV be a non-trivial $# {0} subspace of v,
A colleckim B=Tw, -, ¥g Y €S dovms & basis i
D Y- Ug i Iinemrlj indcpeno\en’c

) gp(ui, - Yg) = §

Bj definition,
basis of {0y is

Dimensions

Definition, Dimensions
For any Subspace <V, we define dimension, of § by
din(8) = 4 (basis of $) cavdinaly




Vector SPace l\omow\orpkisn\,

Vector Space homomor rkl.ﬂ\\' s Q (‘wleav map

Detinition, Linear Maps
Let V) W be veckor spaces over the same field F.
A map LiN— W is called linear mop if
LlAu+py) = £ L(w) +pL(Y) Ve,peF, YuyeV

In abstract algebra, [inear Maps ave teferved fo as vectoy Space homomorphism, since H“j
like othe homojdw‘)klsms, ’che.j ave .fhuc{urc-Pvesevv'mj maps.

Therefore we denote the set of all lineat maps from, V to W by
HO"\.(V,N)

V=C is a vector space over F<R

"veclors" atbieC (:)
"scalars" ceR

€F
" vechrd s (asbi)+(cidi) (4)+(s)
"scalarx*: c(atb:) c(g)

basis© €1, (o). (7)
= Ca l-diw\ensiov\al vector space. ovey R

let FSE be on exjcev\sior\ of fields
Then, E is a vector space over F
"Veckors | elements of E
“Scalars - elements of F
"Vechors 1 + in E

" scalar Mnlhp’ica{ion:". product of an element of F widk aq element of E inside E




Degree of an extension,

Def Er\i{ior\‘ Degree
Let FSE be an ex{eqsfo»\ of fields

Consider E as a vector space over F and define degree of the extension, o be the dimension
of this vector space denoted [£F]
E:

Call FEE @ finite extension if the degree is finite

Recall” F a field
Flx]= po(nnow\ials with F-coe{ficien{s
s€Flx]
ideal: {50 = fh: heFla)}
coset g+¢f)={gtfh:heFleld
(1) g44)=<4) & geid
(i1) gf4< =<

F[x]/(f) ={a|| cosets of <\c>'}-
=€3+<—F> ) 3€F[1]

« Addibion:  (924¢8))4 (9,4 (0N = (9.49.)4+ (4)
- Mulbiglicotion (9,4<£2)(9, <)) = (9,9,+ <))

Flel[<£) is a field & { is an, ivveducible po\jno»\ja\ over F




Fina”j,'l'he cosets
at{f)

where acF (i.e. g+C(f) vith g a constont polynonal)
Then {at{f) " aeFf is a "cow" of the ovijiv\a‘ field F siHinj inside FLx1 /<)

( bj Copy, we mean, isow\ovphc)

(a+4$)) (bt )= abt<{$)

(a+{$)t (044{$)) = (atb)4 {$)
i.e. have (mﬁh..? F o5 well os +this othev versioq of F)

FeFll/<)

an_extension of fields whea, f imeducible over F

Tf 4 is iveducible over F then the extension
Feflx]f<
has dejvee e«iual 4o Jejiee of §

Proof:
Relace F by its isomorphic. copy fat{f): at {PT
Claim: 85144, 24<P), .., DT dhere d=de3(—}) a basis
Span: g4<f) = (qf +7)1<4)
= v4{4§)
(a°+ axt - -ta, xd-') +{4)
= (ag (D) 4 (a ) (a4 5N+ -4 (ag (D )

an F-linear combination of B
Linear_independence :
(a4 EN 4L+ 4 (ag 4P G4 E4Y) = 0445)
= (ag4 144 ag 2> )4 ) = F)




= a,t -+ ad_,xd" e<f)
Everything in () has degree 2d except 0
=gt tagl =0
=) 4,20, 6,50, - -, 84,0
= g, +{f)..-, ag,4{f) are 0 in Flxl/<$)
Simple extensions
Simple extensions
Let FSE and o£¢E algebraic over F. Then,
(1)3a wnique geFlx] 4hat is monic, irveducible over F and has o as a oot
(2) Fw) = FLx]/45)
(3) F(«) ={ap+ am + a, 4 4 ad_‘oz&' | 4,,a, .. ag. € Ft and d=dej({).

In Pavﬂculav B8={1,«° 1Y id o] basis for F(2) over F

De—fiv@{'iov\, Minimam, Pol,non\?a'

The Polyno»\}c;\‘ in (1) is called the minimum polynomial of & over F

F=Q, :92
Then, f=x5-25 Qlx]
" MoYic
- d a vool
- irreducible over Q@
=2 { is the miniram, polynomial of 5i2 over @
= Qh)={ay4 a7 +a,(45) + -4 ,(15)'F, [Q(F) @]
f2o04 e Rlx)
Then, § has & voot i€€ is monic, ivieducible over R
=> § minimal polynortial of « ovev R
= R() = RIx] /{42



where R[‘l]/<xz+\> = €3+<xz+l) . 36 ﬂ[l” wheve 3+<x2+ |> - i(xz+ 1) +v 4 (tz-H)
= v+ e 1)

’ = (a4 bx (e |>
¢9- (4¢4)) = (x4 D) (244840) $oa) + ('

= x4 (40
= 1) -14G3) = 14D
W= CoS % + 7511\2{_ (p prime)
F-Q
guess #1 for min po|«jnorﬁali

(M)

k)

/ z_P 'x, -l — Moo\uc
1 @l v
k/ \\ W is avol v

irreducible ovey ® X

But -1 =Ge-t) (it 4244 2F)

3vxess#23 |+x+x,2+---+x,r-| —e@[x]
(P th c\(,clo{oqic Poljnoplia\) x movﬁc
a voot
= [Q(u): Q]+ p-1 -

irreducible prob sheet ¢.QL

The Tower Law
The fower law
Consider a tower of extensions’
FEESL

where E has {inile Jejfee over F and L has ]Cinijce Aejm over E, then
[L:Fl=[Le][E:F]

(w rite proof la Ler)



What is the Jejvec o)fi
Q< G, 1)
le. Q<@BR)<Q(R,1)
L

F E
() @ € Q(312) s similax 4o the above with £-2 the min poly of 3f2 over @
= [Q(2): Q=3
(and €1, 302, (o) s a basis)
(it) Now let F=Q(3[2), 50 that the second exbension, is

F < F() |
‘ /\MOV\IC
\ i as a vool

ivveducible ovey F as i,-i¢ F
[QCR:), QEBRY1=2  basis {1,i) for FG) over F

Tower law => [Q(2,1): Q1=3x2:6
g => 1,302, OG), 1,507 CR)Y o basis

and wheve the minimum, poljnowﬁal of iover Fis Lt

= i the Min, pofy

(pvove basis |ah1)



7. Constructibility Il

AzeCis constractible
da sequerce 0f extensions
Q:ky €k S Ky
sach that Q(i) : i, (é’-‘-> Zék,\) and K; 13 an ex{'ev\siov\ of k., of deﬂvee {2

2eC anstructible = degree of the extersion @ Q1) is a power of 2
Proof:
By theorem . 2¢ Kn, for the sequence hence
iy @1= [y @(R)QR): @ by Hover low
wheve [k @)= leyiky. Jlbnyi oy 1 [ @)

L_’___’_\r g
all 1 or 2
:Zn

Thas [Q(2):Q] divides 2™
=[(2):Q] =" for some 1
Moval " Tells us when 2€C cannot be constructed
Conshuchnj Yejulav - gons
Exexcise! an n-gon can be constvucted iff
We 6092'_(1 tisin 17(,‘ can be constructed

For n=p prim¢, a p-gon, consructible

N
>

i-f u:CoS_ZF[L 1 isin 1x Londwchuc
P
vhere [Q(W) Q)= p-l

dh
Ni:




Thus for p-gon 4o be consbvuckible
p-l=2 = p=+ |
Aside
m odd +then
ez e (L k)
so that if nemk, m odd.
M= ()
@ (@) 1) ek prime
Hence 241 4o be prime, n cant have odd divisovs = n=1°
Le. if p-goq constructible
P=22£+'

S eC constructible = [Q(”:Q]"’P'l

/

.find Minimal polynor\ial of Jej = 7_n

Definition,

An, anjle 0 is constractible iff you can, construct

Pa

We know amales can alwans be bisected

X~ 5~ K

F:na‘h,ﬁ anj‘e O constructible i££ cos® is constructible

o~ L

/

/

-




Can, anjles oJumjs be trisected

593 Yes .for O=m

9 EE— / </ \N/}
v \/
n

But 0=x cannot be hisected _ZTF cannot be constructed

3 3
Exevcise. cos3¢ = 4co53‘€ -3cos e (Con’w{'c (cos ¢ 4 isinG) and De Moivre's Thn) (%)

Show cos.K cannot be cov\s{wc’ced 53 Con?h{'mj the alejvee o{ ex’cer(smy\ Q< (cosx/ ‘I)
Have bj (‘K) $hat

3 3
CosK=keos & - JcosmT = 1= 8cos I -6eos®

B N 3 9
2
Let u=2cosq£ 50 that 2cos_;£ a Yoot
w-3u-1=0 < Moyic
P ¢Qlz]

AFP('T"ﬁ feduc'hor\ fest with p=2 = iveducible
= thas W-3u-l is the min poljnor\jal of 2cos (.7:_:) over §
= [Q(lcosg)iQ]ﬂ

\/—_\/—_)

Q(2cos */3)= Q(cos n/3)
= [Q(cos 3): Q=8 NoT a powey of 2



8. Splitting Fields

Definition JP'?{'S
It fe Flx] and F<E an, exteqsion then, § splits in, E when

{=ﬁ({()x-a;)

wheve a;€ E

By Covo“av’ to Kronecker's theovem

3 an extension, of F that contoins that contains all the vooks 44,0, an (v\=de3‘f) of §

I—f oy, oy, -y O(d €k YOO“S 0": ‘F -H\ev\, E- F(dh"', old)

JHEHM\’ {—?QH

Definition,
feflx] then the fied
F(al,al..--,a") CE

the extension Cov\":ainiu, all Toots of £ is called the .sPh{Jcing field of £ over F

.f=12+| has s?hu’mg fieH
Q) :=QG) over Q

Has srlauir\? Field RG)<€ over R



9. Groups Overview

= Groups

- Sulojvoups, Lagvan\,e's Hheovem,
- Cauckj’s +hm,

= Subgroup Labice £(6)



10. Galois Groups

Auto movrl\isaqs / S’mmjwie.s

De-fivlijcio.r\l

that is a bijechor\‘ and

|-e. an, isow\orrkis»v\. +o i{se‘-f.

A S(JMMeJﬁj of au\’corv\,ovrkisw\, of a field F is a map
0. F—F

d(atb)=g(a)t al(b)
6(ab) = 6(a) g(b)

Conphx con\)uﬂa{riov\‘
0:C-C

2,2, = 2 Ez_
Ye-flec'}
]
!
FeC

Then, if %60 :

m
w

0(&) N 0'(1+14'--41>
n 141+--4L

e ——’

n\
M

=am\o(

,au-l-omkaiswL

S
1441

—

\




=(6(l)+"'+0'(\“' 1

6(1) +--40(1)
= 1+ - 4+1 . 1
1+ 14
=M
n
Galois Groups
\De—f}r\i{iom
If FSE ave -f:elds. they write
Gal (E/F)
for the awtomovphism of E fhat fix F pointuise e,
o(a) za YacF

Exe_'riﬁ ;{76‘:‘(‘ fo'i\/;;kiiima group undey COMPOSH'?ML of automorphism, with the iden{il-j the

6@)za VYacE
writhen "4 and 6" the usual invevse map

Ga‘(E/F) the Galois group o-f E over F

F-Q
£:Q((,;)
Here @ €Q(R2) € Q(12,1)
%wél, 2,1 {2i1 basis for Q(2,:) ovev Q

= Q2.1)={atblz +ci +d{1:  a b, deQ}

Then, if 6¢Gal(@((2,1)(Q)
6(a4bi24ci+diz) = 6(et) 4 6(b)6(2) + c()sG) + 5(d) 6(&23)

= a4 bd(rl) + CO‘(?) + da(ms(i) o glements o‘-f (al (O(ﬁui)/Q)
fixes Yahonals , Q b’ defn

=0 courleklj detevmined bn o6({2) and (i)



This is a aeneml "facjt-

It Fe¢ F(e, -l ) 7 E, theq 6 € Gl (E/F) is Con,p\e*dj determined b‘j

O'(ol.),- I 0'(0(1)

For i} {(3. PJ a basis for E over F, theq 6 is conplenlel’ determined bj ihs e-Hed on, B
The proof of towey law gives

i

3 Prod«cf of old's §0 that O'(ﬁi)= l)'(ol.)'iﬁ(b(z)'z---lI(M)’l 1S N 'hm\ detersined bﬂ 6(0\3)1‘
Sometimes Gal (E/F) can, be computed by brute force

Consider @ € Q(w) w=-1 + {31

2 2
(N}

wheve w’=1
Find min Pobnowﬁd of w over Q /l< }
Guess 1 o°-1 \I<

Guess 2 [4xtx
= Q(”h{a’rbuia,b(Q} and Wz -l-w
If ae Ga\(@(“)/@) then 0 determined b'ﬂ o(w) wheve

6(w) = atbw  where a,b€Q

Consider o(w*)
(i) 6(u*) =6(1)=1
(i) o(?)- 0'('4\3= (a+bu)3
= 43 b 4 dalow) 4 bu)
o4 30%bw4 Jab (-1w) 4
= (o4 6 3ab’) 4 (3a'b-3ab )w
Eelua{-e Land w pavts
ot b= Jabs|

3ab -3ab =0



Hev\ce

= glw)=w, =321, o(w):=1-w
= Gal(QW)/Q)={d, 6 ()z-1-w=w]

>

Exfension, Theovem_

Let F and k be fields

T F =k an isomovphism, of fields

Also let & algebraic over F with minimum, polyaomial ch[*]
Finally let ¢ Fla] — klx] be the map

C‘( Za;f) = Z'C(m)xf

Thea 3 an isow\orrkisnk 6:F(x) — k(p) with
6(d)=p & pisa Yoot of («-f

Forus: let Fek. Tis the identily map
(hence * i the idenfity 4oo). This. gives
So if o is alaebvaic over F with min, Po(jnov\fa‘ fe Flal, thea 3 an igomorphism,
6:F(a) —F(p) st |
)= B is & Yoot of f.

I¢ we also assume that pEF(o‘) then, you can show that (Ex) F(p): F).



This J’uves

If o alael;vaic over [ with minimum Pol(,novﬁal {, H‘”L 36 Flt) = F() an isow\orpl\iswl
(i-e. an “automorphism) with

AAE B = B 1sa root of § +hat is contained in Fs)

Moval: Aul’omor,ﬁ\isr\s of F(«) permute the voots of £, the min Polj of
H3='. Finding GGNQ(“)/G)

| \ Min poi‘} of wover @ is
1
J L4
W= with voots w and W=D

We get 8¢ Gol (@(v)/ Q) itf a(w) is one of these voots that is ir\Q(w\

B
™

P k)

4

This gives o(w) = or o
As Q(w)={atby: a,beQF, thus
v 1 o(u)z = 6(atbu)= atby , ie. 0=id
¢ 14 6(0)23:5 = slath) = a4bo
Gl (Q(w)/®) ={id, 6]
=302 €R. what is Gal(Q(4), Q)
Min P°(‘j over @ is
X-2 Eisenstein,

. 2
w:H\ Yoo{s o, odW, dw u‘\eve
dw

w=-1 4 QI
2 2 £
2

ol W
But om.o(uzé C\fR but Q(«)Srﬂ 50 that
om,o(uz,.{@(d)



Thas o 6€Gal (@) /@) can, only send o 4o «
As Q()={atba+tcd': a,b,ce Q] Hhis gives 0<id
ol (O /@)= 14}

Ovder of Galois gtoup

Ovder Corollavy
Let {GF[K] and E the sr[iHinj field of £ over F. Moreover the vooks of ave distinct. Then:

| Gal(E/)] = [E:F]

This formula’ E and F are fields, hence v?njs and E is a vector space over F; also Gal (E/F)
s a group o} au’romort:\«isw\s

Gal (Q(x)/Q)
(=32
On, the otherhond, @ € Q () is an extension of degree = deg (x-2)
e [Q):Q]:3
The splitting field of £-2 is Q,tw,¢i) 1 Q)

Let E be +he syIiH'mj field over F of a poljnowdal with distinct voots. Suppose also that
E=F(dn---.0(.~) -for some oy, o(q€E

such that

[€:F] = [T[Fi):F]
Tlnev\ Ja JcGa((E/F) with 0’(0(;)=P,' & pi is a Yoot of the minjmam, poljnor\hl of o over F

From, sechion, 0, we compuled automorphisns of Q1) in, an ad-hoc Way.

K=82, w=-1 4031
2 2

Conrul'e |Go.(((\)(°(:u) /Q) ]
(i) Claim, Q1) is the spliﬂ‘mg field of £-2 a5 the voos of this are o, v, o’

et o) Qo)



(ii) Roots of -1 are distinct
(iii Conpu{e [QG,w): Q] (k)
Q< QW € Qlw)

S R e

(%)
(*) o has min pol\j f—z over Q

= [Q):@)=3 Basis - {1,4.a T
(%) & has min poly l4+x 42 over Q)
[ @) 12 Basis: {1,u]
=2 [Q@w: Q)= 2x3=¢ = [6al(Qls) Q)
$1,4, 8, uyew, o]

Further by proposition above, we can send o 4o any of &, W, olw” and w to any of w, w* and
get an audomor phism.

Following +his fhvough with the vertices of a {rianjle gives 3 au{omrrhsw‘s uith b mapped o
tselt ‘and another '3 with o narfeJ o w?

o LW LW
oW
« &
<) i
w? o ol (w2 o> oy
o( W d —4 A X1} WEwW

o« o« "\ Q)
( l >« ) l >« l >«
K L —oly o I—nlidz
2 2 o(lJz

2
W W Ul—'uz

(3”



1 1. Fundamental Theorem of Galois Theory

We know thot o complex number 5 is construckible if 3 a sequence of fields

QCk Sky - Sky
such that Q(5)< K and each k; isa degree 2 extension, of L., ie. (K ki)=2
To wse this, we need to understand all the fields sandwiched belweey @ and Q(8)
The Galois correspondence gives us this w\defs’an;n,

Definition Intermediate field

Let FSE be an extension of fields ond FSKSE

Call such a K an, intermediate field

The lodtice of intermediote fields consist of oll such K st k, Sk, then dvaw

Ky
k\
i-e.
E
| Fekeck, <k
e
Ky
AN
F

Compave with latice of SuLJ'fouPS in Lecture # 15)
No{a{iov\,-' Write 1(E/F) for 1his lattice



If FSE with
G=Gal (E/F)
and 2(6) the lottice of all subgroups of G and L(E/F) the laktice of intermediate fields
Then,
(1) H o subgroup of G=Gal(E/F) then
' {AeE:o(A)zA ¥ geh)
is an, inkermediake fidd called the fixed field of H
(i) i4 K s an, inbenmediake, field +hen, Gol (E/k) is o subgroup of
G = Gal (E/F)
(i) The maps (1 H— E" and &k~ Gal(Efk) ave mutuol inverses hence bijections
Q: £06) = 1(E/): §
that teverse ovder ie.
H e ul [ e "
K<k, " AR Gal (E/k,) € Gal (E/k,)

(iv) The deqree of E"SE is equol 4o the order of IH] or the degree f FSE" is equal
4o the inde:{[G-'H] L { e 1

Jcl\emhcal\j
I L 1(6)
a(e/r) @: y—e’
i r— Hy = Gal (E[ k)
k=E (_oms[MgMCC
' @3 X = Gal(E/x) H,= Gol (e/k)
k,=E

[E”'I EHz] -‘4=[H22 H,]
F $idd

Nk‘j wpside down? T4 H,€ £(G) +hen, EV=daee|s(M=) Vren]
And H, <H, then, E™ are Hhese elements fixed by all the g€ H,.



Thus £ is the Tesult of imposing move conditions on, E"L hence smaller
F-Q
E=Q(sf2, "t i)

Remesber %-2 has vools
AN}
\

oLt

Consider Ga‘(@(d.u)/Q\', Suppose hat O,lCGa|(O(d.u)/@) such that

o(d)%lw o(u)w
(&) = g(w)=v
= {id.s, 0" €. 0C, o’c} ate akso in_Gal(Q(4.,0)(@)

lid s & Tt o%
A |l o0 olk)z o ol owz
VW W oy W Wt

Ths (4) gives 6 dishinct elements of Gal(Q(x,0)/ Q)
Moveovey {vom, order cofo“ovy. we have
|Gal(Qw)[Q) | = [Qlaw) : @]
Recall : Q&) = @ (.0, ") the splitting field of £-2. Also
Q <Q) < Qaw)

= {1, o 0,00, o8w] basis for Q(4,1) over Q
Thus Gal Q) [Q)=$3d, 6, 6% ¢, 6¢, 0% ]



What is the subgroup lattice of 2(G)?
6Gol (Qum) (@)

NS
N

ot

These aive aeone4vio snmmehies

This S'Nes ouy 'fivsf pic‘uve
1(Q(,v),Q) 2(Gal(Q(xw)/Q)
Q(«, ) Gal(Q(a,w))

N et iy

Fs fided idocd  Gdo'ed
\(Lﬁr \]m/

Find F, = fixed {ield of‘ H={id ¢t
$id, T
:@(dlu)
A +\«)Pica| element of Qla,v) is

2 2
=0 tad ta,l + a0 40,400 4 a5d0 6,05 €Q
We want fhose x s.t id(x)=x and T(x)=x bg defn, of fixed field of H

()_ 2 3 2 22
W)z a,4 6, + 2z + &30+ &, L0 4 A5l

a,ta,dta, e as(-l-u) + a.(d(-(-u) + asf(-t-u)
= (a‘,-a,) + (a.-a,‘) o 4 (a,_- as)e; - QgN - agov - as.(zu

For 2(a)=1, ea‘wﬂe co efficienks



’a\;:a\S
Gp-03=a,

aq.q
a|-a“ < a|

T as '-'as
az— as < al

Thus Tla)zx & x=a,4a,+a,4
e, xeQ(a)
e Fis Q)
Bk T fixes Q and T)=d = T fixes Q)
= W<,

since Q) smallest -f"eu

= £ Q)



1 1. (Not) Solving Equations
You know: ax +bxtc has voots -bijbz-;ac

2a
Can, You do +his in Sev\eml m

Radical Extension

Definition,
A ex‘cer\sior\‘ QEE is a vadical wkev\ 3 & sequence of simple ex@ensio,\s
Q < Q(dl) < Q(dlldq_) <l - .C_Q(dh...’o(l\ = E

m; 1 20
wheve each, oy is 5.t o; GQ(d..---.ot;..) fov Some powey we Z

e.oj is an_m;-th voot of an element of Q(d..---,e(.i)

Q <Q(R)<Q({2.35) < Q(z. 45, [[z+35 )

De{ini{'iOv\, Solvable b'j vadicals
A polynostial is solvable by vadicals iff ibs sr\a”-ing field is conkained in, some Yadical extensioq

any ax +butce Q{d is solvable "3 vadicals as ifs sfliHing field is contained in,
Q({6> 4ac)
a vadical ex{:eq‘siov\‘.

Sivulavln -fov cubics, iuav{ics

Defiv\i{"«o.ll
The Galois group of § e Qlx] is the Galois group
Gal (E/Q)

wheve E s the .sp[i“ing -fielJ 01{ E




Galois
ff@[X] 15 solvable by vadicals

0

The Galois group of £ is soluble

Sa NOT soluble for 1\25

xs-lpd'l not solvable by vadicals
(i.e. there is no formula for the roots of 2*-hxt2)

For let
E=Q(K, o, o, o .o5)

be the sPliHinj field of § with oy, -, &5 the Toots. They
5
ols - +o(;+2=0
1§ 0eGal(E/Q) 4hen
d(o(;s-lp(;+z)= (o) = O'(o(:)s- L|0<o(;)+ 2:0
= G(o(;) s also a voot of {
=> Gol (E/Q) pevwutes the voots of §
= Gal (E/Q) is isonovrkio to a Sub\,vauf of S

Tower

Moveover Q< Q(8,) € Q(«,,...«s) =E = [e:Q]: [e:0(k) ][Q(x): Q]

aw

wheve the min poly of «, over @ is -y t2
i (irved b’ Eiser\s-lci:\)

= [Q(«): 0]:5
| =5 divides [E:Q]
_ p i‘r!-'n\, field
We also know-
Y Gal(e/) [€:q]
auch
Thus 5 divides | Gal(E/Q)] :_k:), Ga|(E/Q) has Subgvour $id 5.0 0’ 61'} of ordev 5
"
Thus 3 GCGal(E/Q) of form, 0'=(a,‘>.C,d.E) where a,b.c.d.e€€d..o(2,o(3,o(.,,ols}

Also complex conjugation T:2 2 is an automorphism of € and +his vestvicted +o E 4o
give an, c};enen‘c B’{gGalé/ Q) b Ji



In -fnc'(' { looks like

le. three toots of ave veal hence +wo ave complex

/‘\ / canjuga+es
\/ Thus T 15 Pevwkhjta{'ioo\l of (bl.b1)

[

(cf - every element of Sy can be writlea in terms of (12)
12 ceen

Sim’lmly every element of S5 can be written in tevms of 6 and T = Ga“f/f) R
insolub

= § not solvable bﬂ

radicals



